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Factor Model: fori=1,...N, t=1,... T,
Xjit = )\:'Ft + €

@ F;: vector of r common factors
@ \;: vector of r factor loadings
@ ciy = \;F;: the common component

@ ¢;: idiosyncratic component.
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Factor Model: fori=1,...N, t=1,... T,
Xjit = )\:'Ft + €

@ F;: vector of r common factors
@ \;: vector of r factor loadings
@ ciy = \;F;: the common component

@ ¢;: idiosyncratic component.

o Key feature o N large, T large
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Qutline of the talk

@ Applications of factor models
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Qutline of the talk

@ Applications of factor models
@ Sketch econometric framework
@ Main Statistical results

@ Caveats, theory and practice
o What next?
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Contributors to the Literature

o T.W. Anderson, Lawley and Maxwell, ....;
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Example 1. Arbitrage Pricing Theory (APT):

R,‘ — a,' "’ b:Ft ‘I’ e,‘t
E(e,'t|Ft) - 0
E(ei) = o7 <o®< 0.
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Example 1. Arbitrage Pricing Theory (APT):

R,‘ — a,' "’ b:Ft ‘I’ e,‘t
E(e,'t|Ft) - 0
E(ei) = o7 <o®< 0.

F:: common (pervasive) factors in asset returns;
ejr in large, well-diversified portfolios vanishes;
e;r sufficiently uncorrelated across assets

no single asset dominates wealth in competitive equilibrium.
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What are the factors?
@ observed

e portfolios
@ macroeconomic variables

@ innovations in GDP, inflation, changes in bond yields
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What are the factors?
@ observed

e portfolios
@ macroeconomic variables

@ innovations in GDP, inflation, changes in bond yields
o latent
e estimation of F;: N large, T small.
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Example 2. Interest Rate Models:

re = ao+ byFY + Bl FM + . B FY + e
— ao+ﬂ/ﬁtm+et
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Example 2. Interest Rate Models:

re = ao+ byFY + Bl FM + . B FY + e
— ao+ﬂ/ﬁtm+et

e Taylor rule:
o FM: current and macro variables orthogonal to e;
o affine term structure models:

e bond yields are linear in the underlying state variables
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Example 3. Demand Systems: J goods, H households
e E, = total spending on J goods by household h;
e Marshallian demand: Xj, = gi(p, Ep)

e budget share: wj, = Xj/Ej
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Example 3. Demand Systems: J goods, H households

E,, = total spending on J goods by household h;
Marshallian demand: Xj, = g;(p, Ex)

budget share: wj, = Xj/Ej

the rank of a demand system holding prices fixed

e 6 o

o the smallest integer r such that

WJ(E) = )\jl Gl(E) + ... )\j,Gr(E).

©

Fn = (Gi(Ep), ... G,(Ey)) are r factors across goods
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Example 4. Coincident index

Y1t
Yot
Y3t
Yar

Fi

Zjt

N =4, T large.

Serena Ng ()

= MF:+2z1¢
MoF: + 2o
AsFi + z3t
MaFe + zae
OFi_ 1+ v

= iZpg1te€, 1=1,...

RECENT DEVELOPMENTS IN LARGE DII

4.

June 2007 SCE Meeting, Montreal

9
58/



Example 6. Forecasting

Vir1 = aXe + B Ws + €141
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Example 6. Forecasting

Vir1 = aXe + B Ws + €141

@ X;: N observed variables.

@ W;: observed variables
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Example 6. Forecasting

Vir1 = aXe + B Ws + €141

@ X;: N observed variables.
@ W;: observed variables
o N large: inefficient

@ Assume X; have common sources of variation F;.
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Diffusion Index Forecasting:

Ver1 = &' Fe + Wi + €41
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Diffusion Index Forecasting:

Y41 = o F + 6/ Wi + €t41.

eg: Fed reacts to state of the economy.

l‘t:O/Ft—i—Gt.

Serena Ng () RECENT DEVELOPMENTS IN LARGE DIt

June 2007 SCE Meeting, Montreal

11/
58



Example 6. VAR: m variables

P
Y41 = Z O‘ll(k)thk + €e1tr1-
k=0
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Example 6. VAR: m variables

Y41 = Z O‘ll(k)thk + €e1tr1-
k=0

FAVAR: m variables + r factors

Yey1 = Z a1 (k)ye—« + Z a1o(k)Fe—k + €141

p
Fiy1 = Z k)y:— k‘FZazz VFi—k + i1
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Main Econometric issues

@ the factors F; are not observed;
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Main Econometric issues

@ the factors F; are not observed;
@ inference when F; has to be estimated

@ the number of factors r is unknown
e N and T both large
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]
Statistical Factor Models

/
Xit — )\IFt + e,t

Covariance Structure with g = /..

Y, =AM +Q
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Statistical Factor Models

/
Xit — )\IFt + e,t

Covariance Structure with g = /..

Y, =AM +Q

@ Strict factor model: Q diagonal
@ Classical factor model:

(i) Q diagonal

(i) F¢ and e; serially uncorrelated
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]
Statistical Factor Models

/
Xit — )\IFt + e,t

Covariance Structure with g = /..

Y, =AM +Q

@ Strict factor model: Q diagonal
@ Classical factor model:
(i) Q diagonal
(i) F¢ and e; serially uncorrelated
@ Anderson and Rubin: assume
(i) ejr is iid over t,
(ii) normality,
(i) N fixed T — oo.
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Large dimensional factor models:

@ approximate factor structure:
e €;; can be ‘weakly’ cross-sectionally and serially correlated
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Large dimensional factor models:
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e N and T are large

June 2007 SCE Meeting, Montreal 15 /
Serena Ng () RECENT DEVELOPMENTS IN LARGE DIt 58



Large dimensional factor models:
@ approximate factor structure:
e €;; can be ‘weakly’ cross-sectionally and serially correlated
@ ( need not be diagonal
@ Nand T are large

@ distribution assumptions not imposed on e;;
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Static vs. Dynamic Factors

@ dynamic factor model

Xit = ANithie + Ainfie—1 + €ir.
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Static vs. Dynamic Factors

@ dynamic factor model
Xit = Aitfie + Aiofie1 + €t

Put Fi¢ = fir, For = fie1

@ static factor model

Xit = AitF1e + AioFor + €ir.
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Static vs. Dynamic Factors

@ dynamic factor model
Xit = Aitfie + Aiofie1 + €t

Put Fi¢ = fir, For = fie1

@ static factor model
Xit = ANitF1e + AioFor + €.

@ g dynamic factors and s lags give r = q(s + 1) static factors.
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Properties of a model with r factors:
@ the r largest eigenvalues of X, diverge as N increases;
@ the r + 1 eigenvalue is bounded.

@ example
Xit = Ft + eit7 Ejp ~ Ild(O, 1)

o eigl = N+1,
o eigh=1i=2,...N.
@ the population principal components converge to the population
factors as N increases.

@ will need the sample principal components to converge to the
population principal components.
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Principal Components (PC) estimator

N T

(F.A) = min(NT)"* Z D (xie = NFe).

)
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Principal Components (PC) estimator

N T

(F.R) = min(NT)™2 Y > (xie = NiFe)

’ i=1 t=1

o F: r eigenvectors (times v/T) associated with the r largest
eigenvalues of the matrix XX'/(TN).

A=, ..., W) =XF/T
=X —FN.

M

o
(]
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Principal Components (PC) estimator

N T

(F.R) = min(NT)™2 Y > (xie = NiFe)

’ i=1 t=1

o F: r eigenvectors (times v/T) associated with the r largest
eigenvalues of the matrix XX'/(TN).

o A=(\,....,. ) =XF/T

e 8=X—FN.
The space spanned by the factors can be consistently estimated by F
when N and T are both large
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Intuition: let r =1, \; =1 and 0? = o2 for all /.

Xie = Aift + et
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Intuition: let r =1, \; =1 and 0? = o2 for all /.

Xie = Aift + et

@ given Xx;;, we cannot separately identify F; and e;;
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Intuition: let r =1, \; =1 and 0? = o2 for all /.

Xie = Aift + et

@ given Xx;;, we cannot separately identify F; and e;;
e with a large N: X; is v/ N consistent for F;
N N
° % Zi:l Xjit = Fr + % Zi:l Eit

° var(% Z,N:1 eir) —0as N — oo
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Intuition: let r =1, \; =1 and 0? = o2 for all /.

Xie = Aift + et

@ given Xx;;, we cannot separately identify F; and e;;
e with a large N: X; is v/ N consistent for F;
N N
° % Zi:l Xjit = Fr + % Zi:l Eit

° var(% Z,N:1 eir) —0as N — oo

@ with a large T:
@ regressing each x; on Fi gives v T consistent estimates of A;.
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Intuition: let r =1, \; =1 and 0? = o2 for all /.

Xie = Aift + et

@ given Xx;;, we cannot separately identify F; and e;;
o with a large N: X, is v/N consistent for F;
o N iyt = Fet iy e
o var(4; SV eir) = 0as N — oo
@ with a large T:
@ regressing each x; on Fi gives v/ T consistent estimates of \;.

@ precision of factor estimates depends on both N and T.
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Intuition: let r =1, \; =1 and 0? = o2 for all /.

Xie = Aift + et

@ given Xx;;, we cannot separately identify F; and e;;

e with a large N: X; is v/ N consistent for F;
° %Z,I‘Vzlxit =Fi+ %le'vﬂeit
o var(4; SV eir) = 0as N — oo
@ with a large T:
@ regressing each x; on Fi gives v/ T consistent estimates of \;.
@ precision of factor estimates depends on both N and T.
@ method of PC weights X;; appropriately to yield F when r > 1,
and/or there is heterogeneity in \;, o2.
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Assumptions

F(0) — moments
LFE — independence
L — identification

E — weak correlation

e 6 o o

IE — homoskedsaticity
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Assumption F(0)

E||F?* < M and + S FFl-25YF > 0,is a r x r non-random
matrix.

Assumption LFE

{A\i}, {F:}, and {e;;} are three mutually independent groups.
Dependence within each group is allowed.

Assumption L )\ is either deterministic such that ||[\?]| < M, or it is
stochastic such that E||A?||* < M. In either case,

N=IAYAL,5 >~ 0, a r x r non-random matrix, as N — oo.
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Assumption E:
b.i E(ei) =0, E|ex|® < M.
b.ii E(eir€js) = 0jjts
° %Zi,j,t,s:l |ojj,es| <M
o |ojjss| < &y forall (t,s) and % Z/{VJ:I g <M;
o |0jjts| < T forall (i, /) and % ZtT,s:l Tis < M.
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b.ii For every (t,s), E|[N~Y/2 Z,- |:elselt E(e,-se,-t)} * <M.

b.iv For each t, ﬁ 2i:1 )\,-e,-t—>N(0, ), as N — oo where

t:/\llinoo_ZZE)\/\ €it€jt).

i=1 j=1
b.v For each 1/, \/L? 2;1 Fte,-ti>N(0, ®;) as T — oo where
T T

O = lim T N E(FPFYeser).

T—oo
s=1 t=1

Assumption IE for all T and N andforall t < T,i <N,
ZsT:1 |7st| < M, and Z,Nzl o] < M.
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|
Result AQ.1:
Let C3+ = min[N, T], H is a r x r matrix of rank r

a Under FO + L4-E:

T
1 -
(3 Ik
t=1

):qm.
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|
Result AQ.1:
Let C3+ = min[N, T], H is a r x r matrix of rank r

a Under FO + L4-E:

1 T
Gir(72]
t=

F.— HF

):qm.

@ under FO+L+ E+LFE,

Fe— H'FY|| = Oo(TY2) + Op((T/N)'/?).

max ‘
1<t<T

June 2007 SCE Meeting, Montreal 24 /
Serena Ng () RECENT DEVELOPMENTS IN LARGE DIt 58



|
Result AQ.1:
Let C3+ = min[N, T], H is a r x r matrix of rank r

a Under FO + L4-E:

1 T
Gir (7 > |
t=

F.— HF

):qm.

@ under FO+L+ E+LFE,

Fo— HR| = 0T 22) & 00((T/N)2).

max ‘
1<t<T

o if in addition 23:1 Tsx < M for all t and T, then for each t,

-~ 2
cmlﬁ—Hw? = 0,(1).
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Result A0.2: l:_t and \;:

a if \/N/T — 0, then for each t,

VN(F; — H'F?)-LN(0, Avar(E,)).
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Result A0.2: l:_t and \;:
a if \/N/T — 0, then for each t,
VN(F; — H'F?)-LN(0, Avar(E,)).

If liminf /N/T > ¢ >0, then T(F, — H'F?) = 0,(1).
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Result A0.2: l:_t and \;:

a if \/N/T — 0, then for each t,
VN(F; — H'F?)-LN(0, Avar(E,)).

If liminf /N/T > ¢ >0, then T(F, — H'F?) = 0,(1).
b if ﬁ/N — 0, then for each 1/,

VT = HA) (0, (Avar(R)
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Result A0.2: l:_t and \;:

a if \/N/T — 0, then for each t,
VN(F; — H'F?)-LN(0, Avar(E,)).

If liminf /N/T > ¢ >0, then T(F, — H'F?) = 0,(1).
b if ﬁ/N — 0, then for each 1/,

VT = HA) (0, (Avar(R)

If liminf/T/N > ¢ > 0, then N(\;H™T = X\0) = 0,(1).
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Result A0.3: Common Component

Let A = NS T30, By = FOS 710, F2.
a Under Assumption F(0), E, LFE, and IE,

(N Ay + T71B;) " 2(C — CO)-L5N(0, 1)

without restrictions on T/N or N/T.
b if N/T — 0, then VN(C: — Ci)-N(0, Ay);
c if T/N =0, then vT(C: — Cie)->N(0, By)
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Result B: An Estimate of Avar(F;) is

m(ﬁt) — \7_1|_t \7_1.

o V is the diagonal matrix of eigenvalues of (NT)~1XX".
@ To estimate the r x r matrix I, let &; = x; — AiFy:
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]
Result B: An Estimate of Avar(I:_)

m(ﬁt) — \7_1|_t \7_1.

o V is the diagonal matrix of eigenvalues of (NT)~1XX".
@ To estimate the r x r matrix I, let &; = x; — AiFy:

B1 heterogeneous panel: let

_IZ
I
ZI

N
Z 233,

June 2007 SCE Meeting, Montreal 27 /
Serena Ng () RECENT DEVELOPMENTS IN LARGE DIt 58



Result B: An Estimate of Avar(F;) is

m(ﬁt) — \7_1|_t \7_1.

o V is the diagonal matrix of eigenvalues of (NT)~1XX".
@ To estimate the r x r matrix I, let &; = x; — AiFy:

B1 heterogeneous panel: let

N
i=1
. r _ ~21 N 3 3/
B2 homogeneous panel: let 'y = 525 > 01 A
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]
Result B: An Estimate of Avar(I:_)

m(ﬁt) — \7_1|_t \7_1.

o V is the diagonal matrix of eigenvalues of (NT)~1XX".
@ To estimate the r x r matrix I, let &; = x; — AiFy:

B1 heterogeneous panel: let

B2 homogeneous panel: let [, = 02% ZN 1 AN
B3 cross-sectionally correlated panel: let
n T
KD 9) EETES SLER
i=1 j=1 t:l
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|
Theorem

Suppose Assumptions F(0), E and LFE hold,

. =oop
@ cross-sectionally uncorrelated panel: ';—T ;.

@ cross-sectionally correlated panel: if E(e;ejr) = oy for all t so
that I'; = I not depending on t. If

min[r;V,T] — 0.

T — HVTH |20
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]
Result C: Estimation of r :
Let

V(x, k, F¥) = min(NT)™ Y ©> “(xe — AFEf).

A
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]
Result C: Estimation of r :

Let
N T

V(x, k, F¥) = min(NT)™* Z > (xie — AFELY.

Let g(N, T) be a penalty function. Define
PCP(k) = V(x,k, F*)+ k62 ,.g(N,T).
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Result C: Estimation of r :
Let
N T

V(x, k, F¥) = min(NT)™* Z > (xie — AFELY.

Let g(N, T) be a penalty function. Define
PCP(k) = V(x,k, F*)+ k62 ,.g(N,T).

Let

x>
I

argminogkgkmaXPCP(k).
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]
Result C: Estimation of r :

Let
N T

V(x, k, F¥) = min(NT)™* DY (s — AR

Let g(N, T) be a penalty function. Define
PCP(k) = V(x,k, F*)+ k62 ,.g(N,T).

Let A
k = argming i < kmax PCP (k).

Under Assumptions F(0), L, E, and LFE, limy 7 prob(/A< =r)=1
if

i g(N, T)— oo and

i CRrg(N,T)—0as N, T — co.
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Result D: Estimation of g:

Xit = >\:'Ft + PI(L)Xit—l + €t
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Result D: Estimation of g:

Xit = >\:'Ft + PI(L)Xit—l + €t

Suppose F, = A(L)*F,_1 + u; and u; = Re;, Ris r x g . Then

Xit = )\i'AJr(L)Ft—l + pi(L)Xit—l + )\:'Rﬁt + €jt.
Restricted Equation

June 2007 SCE Meeting, Montreal
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Let W;; be the residuals from the restricted regression

Let
g = argmin, PCP(k),
where
PCP(k) = V(W, k, F¥) + k62 __ g(N, T).
Then

prob(§ = q)—-1.
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Result E: Inference Issues with /:'t

Yirnh = O/IN:t + B'Wi + €r4h

~/
Zy py0 + €ph
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Result E: Inference Issues with /:'t

Yirnh = O/IN:t + B'Wi + €r4h

=~/
= Zyp0 + €epn

If VT/N — 0, then v/T(5 — 5)LN(0, Avar(a)).
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Result E: Inference Issues with /:'t

Yirnh = O/IN:t + B'Wi + €r4h

=~/
= Zyp0 + €epn

If VT/N — 0, then v/T(5 — 5)LN(0, Avar(a)).

A consistent estimator for Avar(8) is

— 1 T—h 1,1 T—h 1 T—h B
A (3) —= B — 5 5/ _ ~2 n nl - A Af
var(0) = T 242, T Eiin2e2, T 20)
t=1 t=1 t=1
J 2007 SCE Meeting, M 1 32
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Result E.2
Let §; be the parameters of the j-th equation of a FAVAR(p).

If VT/N — 0,
J T 1 T 1 T
ﬁ(éj—éj)—>N(o, plim ( Z% 20)” ( > (@ 22&;) (= tZz“;

t=1
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|
Result F: IV estimation
Regression: y; = x{3 + €, E(€erx:) # 0.
Let z; be a large panel of valid instruments and
Xt = ¢/Ft + u;
Zit — AiFt + e,‘t.
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|
Result F: IV estimation
Regression: y; = x{3 + €, E(€erx:) # 0.
Let z; be a large panel of valid instruments and
Xt = ¢/Ft + u;
Zit — AiFt + e,‘t.

F1: Let g = Fier. Then Bey = 3% + 0,(1) ;

F2: If, in addition, YT — 0 as N, T — oo,

ﬁ(BFIV - 50)L>N(07 AVaf(ﬂAF/v))
where Avar(Bgy) = plim (sﬁx(é)*ls;rx)*l.
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|
Result F: IV estimation
Regression: y; = x{3 + €, E(€erx:) # 0.
Let z; be a large panel of valid instruments and
Xt = ¢/Ft + u;
Zit — AiFt + e,‘t.

F1: Let g = Fier. Then Bey = 3% + 0,(1) ;

F2: If, in addition, YT — 0 as N, T — oo,

ﬁ(BFIV - 50)L>N(07 AVaf(ﬂAF/v))

where Avar(fgyv) = plim (Sﬁx(g)flsfcx)fl'

F3: Let B/v be the estimator using z, observed instruments. Then

AVE)I‘(B/\/) — AV&I’(BF/\/) Z 0.
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Sketch of argument: Why need /T /N — 0?
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Sketch of argument: Why need /T /N — 0?

T

ﬁg — T_1/2 Z /:'_tgt
t=1

T

1
= \/TTEj — HF))e, + HT - 1/2§jF°gt
t=1
1 /([ _ 1
o +¢'(F = HF) = Op(mmma)
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Sketch of argument: Why need /T /N — 0?

.
ﬁg — T_1/2 Z /:'_tgt
t=1
1 T T
= \/?? > (Fe— HF))er + HT 2 )~ Fle.
t=1 t=1
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Sketch of argument: Why need /T /N — 0?

T

ﬁg — T_1/2 Z /:'_tgt
t=1

T

1
= VT= Z — HF)e, + HT 12 Z Fle:.
t=1
o %Gl(ﬁ — HF) = OP(W)
o Le(F - HF) = Op(¥iy)

min[N, T]
o if % —0as N, T — oo, F can treated as though they were F
in estimation
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Sketch of argument: Why need /T /N — 0?

T

ﬁg — T_1/2 Z /:'_tgt
t=1

T

1
= VT= Z — HF)e, + HT 12 Z Fle:.
t=1
o %Gl(ﬁ — HF) = OP(W)
o Le(F - HF) = Op(¥iy)

min[N, T]
o if % —0as N, T — oo, F can treated as though they were F
in estimation
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Result G:
G: = (Git, - .. Gpt): @ m x 1 vector of observed proxies for the
unobserved factors, F.
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Result G:
G: = (Git, - .. Gpt): @ m x 1 vector of observed proxies for the

unobserved factors, F.

Suppose
ijt = (SJ/Ft + Ejt-
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Result G:
G: = (Git, - .. Gpt): @ m x 1 vector of observed proxies for the
unobserved factors, F.
Suppose
Gjt = (SJ/Ft + Ejt-
Let

€t = Gjr — Gjr-
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Result G:
G: = (Git, - .. Gpt): @ m x 1 vector of observed proxies for the
unobserved factors, F.

Suppose
ijt = (SJ/FT_‘ + Ejt-
Let A
€t = Gjt — Gj.
As N, T — oo

Gt =t no, 1)
St ’
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Result G:
G: = (Git, - .. Gpt): @ m x 1 vector of observed proxies for the
unobserved factors, F.
Suppose
ijt = (SJ/FT_‘ + Ejt-
Let A
€t = Gj — Gjt.
As N, T — oo

Gt =t no, 1)
Sjt
si= T F(T L, B F2)F, + N Avar(Gy),

Jt
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Let

Then NS(j) should be close to zero and R?(j) should be close to one
under the null hypothesis.

June 2007 SCE Meeting, Montreal
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Figure 1: Measurement Errors and Their Confidence intervals

Dotted Lines: € £ 1.965;.

June 2007 SCE Meeting, Montreal gg /

Serena Ng () RECENT DEVELOPMENTS IN LARGE DII



Solid Line: F;
Dotted Lines: G; + 1.96v?ar(é‘jt).
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Other applications:

@ consistent estimation of the factors without knowing if the
idiosyncratic errors are 1(0) or I(1) (spurious regressions)
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Other applications:

@ consistent estimation of the factors without knowing if the
idiosyncratic errors are 1(0) or I(1) (spurious regressions)

@ individual unit root tests
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Other applications:
@ consistent estimation of the factors without knowing if the
idiosyncratic errors are 1(0) or I(1) (spurious regressions)
@ individual unit root tests

@ panel unit root tests with cross-section dependence
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Other applications:
@ consistent estimation of the factors without knowing if the
idiosyncratic errors are 1(0) or I(1) (spurious regressions)
@ individual unit root tests
@ panel unit root tests with cross-section dependence

@ panel cointegration analysis with cross-section dependence

June 2007 SCE Meeting, Montreal 38 /
Serena Ng () RECENT DEVELOPMENTS IN LARGE DIt 58



Key to all the results:

@ the factor space can be consistently estimated by the method of
principal components when N and T are both large.
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Key to all the results:

@ the factor space can be consistently estimated by the method of
principal components when N and T are both large.

@ 'ideal case': iid data, min[T, N] = 30 yields precise estimates
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Figure 2: True and Estimated F, when e, is 1(0)

10 10

First Differencing

o = @ 3 ECR——T o Ea——T
s s  Level
T Ranafonse . *° T e ana o n108 ee e
Solid Line: F;
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Practical issues
@ is the principal components estimator efficient?
@ are more data always better?
@ weak factor structure?
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When might the PC estimator be inefficient?
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When might the PC estimator be inefficient?
@ An unweighted objective function

N T

V(k) = min(NT)~ 1ZZ(X,-t—>\§Ft)2.

N F
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When might the PC estimator be inefficient?
@ An unweighted objective function

N T

V(k) = min(NT)~ 1ZZ(X,-t—>\§Ft)2.

N F

o ML estimation: F, are the eigenvectors of Q1/2%, {1/,
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When might the PC estimator be inefficient?
@ An unweighted objective function

N T

V(k) = min(NT)~ 1ZZ(X,-t—>\§Ft)2.

N F

o ML estimation: F, are the eigenvectors of Q1/2%, {1/,

@ PC estimation of F;: eigenvectors of fx.
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When might the PC estimator be inefficient?
@ An unweighted objective function

N T
V(k) = r/T\‘ n(NT)™ Z Z(Xit — AiFe)?.
o ML estimation: F, are the eigenvectors of Q1/2%, {1/,

@ PC estimation of F;: eigenvectors of fx.
@ When Q # wl, , the PC will be less precise.

Implication: cross-section correlation and heteroskedasticity will
affect the precision of the factor estimates.
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How much data do we need?
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How much data do we need?

@ If the additional data are informative about the factor structure,
more data always yield more efficient estimates.

June 2007 SCE Meeting, Montreal 42 /
Serena Ng () RECENT DEVELOPMENTS IN LARGE DIt 58



How much data do we need?

@ If the additional data are informative about the factor structure,
more data always yield more efficient estimates.

@ What if some of the data are 'noisy’, or have a weak factor
structure?
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How much data do we need?
o If the additional data are informative about the factor structure,
more data always yield more efficient estimates.
@ What if some of the data are 'noisy’, or have a weak factor
structure?
o example (duplicated data) : N = 2N;. Then var(F;) = O,(N;%).
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@ the j-th eigenvalue of X, measures the cumulative effect of the j
factor on the cross-section units.
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@ the j-th eigenvalue of X, measures the cumulative effect of the j
factor on the cross-section units.

@ strong factor asymptotics assumes that as N increases:

o eigy/eig,, — o
e eigy is bounded
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@ the j-th eigenvalue of X, measures the cumulative effect of the j
factor on the cross-section units.

@ strong factor asymptotics assumes that as N increases:

o eigy/eig,, — o
e eigy is bounded

@ Implication:
o eigf/eigy ( noise to signal ratio ) should tend to zero

June 2007 SCE Meeting, Montreal 43 /
Serena Ng () RECENT DEVELOPMENTS IN LARGE DIt 58



Why properties of eigenvalues are important?

o if eigf is bounded, the population principal components
converge to the population factors as N increases
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Why properties of eigenvalues are important?
o if eigf is bounded, the population principal components
converge to the population factors as N increases
@ the sample principal components converge to the population
principal components as T increases (irrespective of N)
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Why properties of eigenvalues are important?
o if eigf is bounded, the population principal components
converge to the population factors as N increases
@ the sample principal components converge to the population
principal components as T increases (irrespective of N)
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We assume >, > |E(ereie)| < M.
o fact: eigi < max;)_;|E(ere;t)|

e implication: eigf can be bounded and yet max;  ; |E(eirejt| can
increase with .

@ we allow more cross-section correlation than if eigy is bounded.

Serena Ng ()
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Weak instrument asymptotics :
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Weak instrument asymptotics :
the least influential factor is comparable to the strongest idiosyncratic
noise.

June 2007 SCE Meeting, Montreal 46 /
Serena Ng () RECENT DEVELOPMENTS IN LARGE DIt 58



Weak instrument asymptotics :
the least influential factor is comparable to the strongest idiosyncratic
noise.

@ when the r-th eigenvalue is too small,
F=FQ+F*

where @ is a random matrix with diagonal elements strictly
smaller than unity, and F* is also random and orthogonal to F.
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Weak instrument asymptotics :
the least influential factor is comparable to the strongest idiosyncratic
noise.

@ when the r-th eigenvalue is too small,
F=FQ+F*
where @ is a random matrix with diagonal elements strictly

smaller than unity, and F* is also random and orthogonal to F.

Two indicators of precision of the factor estimates.
o eigr,,/eig)

f € ;X
o eigf/eig;
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Simulations
Fori=1,...Nandt=1,... T,

Xit = )\;(L)f; + Oi€jt

Ai(L) = Nio + Al + .. LS.
e 07 is set so that R? ~ U[R?, R?],
° Rlzj = .8
e \; ~ N(0,1)
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r = q(s + 1) static factors;
g=1
(1—pe)fe = wuy, ue~ N(0,1)
(1—pel)er = e€n, E(ec€;)=19Q.
Error variance matrix

@ Q = Iy (errors are cross-sectionally uncorrelated)

@ cross-section correlation: N. x N? elements of Q are non-zero.
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Parameters of the simulations are

e (N, T)=(20,50), (50,100), (100,50), (100,100), (50,200),
(100,200);

s=0,1;

pr= 0, .4, .8;

pe=0, U(0, .5), or U(.4, .8)

R?=.1, .35, .6;

N.= 0, .15, .3;

® 6 6 o o
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e For a given s and sample size: 81 configurations
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e For a given s and sample size: 81 configurations

@ total of 486 configurations
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e For a given s and sample size: 81 configurations
@ total of 486 configurations
@ 1000 replications each
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e For a given s and sample size: 81 configurations
@ total of 486 configurations

@ 1000 replications each
@ keep track of eigenvalues
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e For a given s and sample size: 81 configurations
@ total of 486 configurations
@ 1000 replications each

@ keep track of eigenvalues

o eig): average of the r-th largest eigenvalue of the matrx
Y, = x'x/(NT) over 1000 replications

o eigy: the largest eigenvalue of €.

o EIGag(a,b): the ratio of the a-th largest eigenvalue of the
covariance matrix of A to the b-th largest eigenvalue of the
covariance matrix of B.

Let FIT= R? from a regression of I:_t on F; and a constant.
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Response surface analysis:
Regress FIT on

(] CI%IT' CNT = min[\/N, \/T]
@ ratio of eigenvalues

@ non-linear terms
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Dependent variable: FIT

Regressor I} ts 16} ts
r=1
constant 0.974 21.244 1.000 66.855
Cur 0.158 0.238 0.219 1.066
Cut -4.086 -1.819 -3.030 -4.250
EIG, . (r+1,r) -0.116  -1.700
ElG.(1,1) 0.025  7.906
ElGx(r+1,r)? -0.952 -6.564
ElGe x(1,1)? -0.003 -10.694
R? 246 927

Serena Ng ()
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Dependent variable: FIT

Regressor I} ts B ts
r=2
constant 0.958 15.048 0.988 37.176
Cut -0.257 -0.299 0.022  0.061
Cut -3.196 -1.184 -1.499 -1.307
EIG . (r+1,r) 0.286  7.681
ElGex(1,1) -0.019 -5.231
EIG, . (r +1,r)? -1.007 -19.892
ElG.«(1,1)? -0.000 -0.214
R? 121 0.8454
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Future work
1. More efficient estimators in a large N and T environment

@ GLS type principal components estimator
e QMLE
@ Dynamic bayesian analysis

2. (i,j, t) model

Xijt - )\UFt+eUt
)\,‘j = w,'Gj—l-G,'j

@ individual / in region j at time t

@ individual, regional, aggregate effects.
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3. ldentification of factors
@ structural/confirmatory factor analysis

@ time varying loadings: \; = Ao; + Ayt
Xig = NigFe + €

MoiFe + AiiFe - t + eir
= Xoifit + MiiFor + eir.
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4. DSGE Models
@ small number of common shocks

e stochastic singularity
e measurement error = factor structure
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4. DSGE Models
@ small number of common shocks

e stochastic singularity
e measurement error = factor structure

@ identification and estimation

@ Bayesian analysis in a large N and T setting
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Conclusion:

@ the factor model is a useful way of achieving dimension reduction
@ factor estimates have good properties when N, T are large

@ generated new theory and new applications
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Thank You!
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