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Abstract

A decision maker is often confronted with situations where he has incomplete knowledge

about some of the parameters of the problem that he is addressing: e.g., market demand,

future cost of merchandise, or quality of the available resources. While a simple approach

that lets these parameters take their most likely values might lead to good solutions, it can

easily lead to unexpected results in general. To avoid unnecessary deceptions, one should

instead modify his decision model so that it accounts for theuncertainty that is present.

At a conceptual level, stochastic programming is an effective approach since it leads to

decisions that directly trades off risk and performance. This is done by requiring that the

decision maker formulate a distribution describing the probability that the parameters take

any given value. The framework then offers an exhaustive array of risk measures to choose

from for evaluating the performance of a candidate solution. Unfortunately, while this

decision problem can generally be solved efficiently, the resulting “optimal risk-sensitive

solution” can be misleading in applications where there is ambiguity in the choice of a

distribution for representing the uncertain parameters. This is for instance the case in data-

driven problems, where information about the distributionof parameters is mostly derived

from the observation of historical realizations. After a limited amount of observations, a

decision maker is often unable to fully determine the underlying distribution. This leads to

three important questions for making a stochastic programming approach practical:

1. How accurate is a distribution estimate that is based onlyon a finite set of samples?

2. Can we account for distribution uncertainty when solvinga stochastic program?

3. What is the computational cost associated with taking this uncertainty into account?

This thesis develops new theoretical foundations for a quantitative methodology that pro-

vides answers to these questions and can be used in a wide range of applications.
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We first address these questions from a frequentist point of view. In doing so, we

initially derive a new confidence region for the covariance matrix of a random vector given

a finite set of independent and identically distributed samples. Unlike typical confidence

regions, this new one constrains the terms of the matrix jointly with respect to their effect

on the variance of any one dimensional projection of the random vector. The result allows

us to define a “well structured” set of distributions that is guaranteed with high probability

to contain the distribution from which the samples were drawn.

With the objective of accounting for such distribution uncertainty, we analyze the com-

putational difficulty related to solving the distributionally robust form of the stochastic

program. This model suggests making decisions according tothe worst distribution in the

uncertainty set. Although the model has been widely studiedsince Scarf introduced it in

1958, we are the first to use duality theory to show that for cases where the objective is

convex in the decision variables and “piecewise concave” inthe parameters, there exists a

polynomial time algorithm that can solve the problem to any level of accuracy. In fact, we

show that, for some of these models, the distributionally robust form of the stochastic pro-

gram is much easier to solve than its original form. This analysis leads to a framework that

provides reliable solutions to data-driven problems. Manyapplications can benefit from

this framework, including both a fleet mix optimization problem and a portfolio selection

problem. In particular, experiments with real stock marketdata confirm that this approach

accounts more effectively for uncertainty in the future value of financial assets.

In the final part of this work, we choose to adopt a Bayesian approach. In this case,

it is well known that one can choose to represent distribution uncertainty with a hyper-

distribution (i.e., a distribution over distributions). After formulating the distributionally

robust problem in this context, we contrast the robust approach to a percentile criterion

(a.k.a., value-at-risk) which is more natural to consider. A studyof Markov decision pro-

cesses leads to interesting new results on the computational difficulties related to solving

this percentile optimization problem. More specifically, we show that while this problem

can be solved efficiently for a class of cost uncertainty, it can also lead to NP-hard prob-

lems. After providing an approximation algorithm for the intractable form, we perform a

comparative study of how the robust and percentile based methods exploit the distribution

information present in a machine replacement problem.
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Chapter 1

Introduction

Stochastic programming can effectively describe many decision making problems in un-

certain environments. For instance, given that one is interested in solving an optimization

problem of the type

minimize
x∈X

h(x, ξ) ,

whereX is a convex set of feasible solutions andh(x, ξ) is a convex cost function in

x that depends on some vector of parametersξ, it is often the case that at the time of

optimization, the parameters have not yet been fully resolved. For example, an investment

manager cannot know the exact return for all available securities, or in a different context,

a manufacturing manager might not know the exact amount of future demand.

If one chooses to represent his uncertainty aboutξ through a distributionF , then he can

instead resort to minimizing the expected cost. This leads to solving a stochastic program:

(SP) minimize
x∈X

E [h(x, ξ)] ,

where the expectation is taken with respect to the random parametersξ ∈ Rm. Thus, based

on a well formulated stochastic model, our investment banker can now choose a portfolio

of stocks which maximizes long-term expected return, or similarly our manufacturing com-

pany can take an early decision which leads to the highest expected profits. Unfortunately,

although the SP is a convex optimization problem, in order tosolve it one must often resort

1



CHAPTER 1. INTRODUCTION 2

to Monte Carlo approximations (see [55]), which can be computationally challenging. A

more challenging difficulty that arises in practice is the need to commit to a distributionF

given only limited information about the stochastic parameters.

In an effort to address these issues, a robust formulation for stochastic programming

was proposed in [52]. In this model, after defining a setD of probability distributions that

is assumed to include the true distributionF , the objective function is reformulated with

respect to the worst case expected cost over the choice of a distribution in this set. Hence,

this leads to solving the Distributionally Robust Stochastic Program:

(DRSP) minimize
x∈X

(

max
F∈D

E F [h(x, ξ)]

)

,

whereE F [·] is the expectation taken with respect to the random vectorξ given that it fol-

lows the probability distributionF . Although the DRSP is a convex problem, it is well

known that some choices ofD lead to instances of the problem that are NP-hard to solve.

Hence, while the DRSP is one of the most general model for addressing uncertainty in

decision making, the computational difficulties that are related to dealing withξ of large

dimension have limited the practical application of this model. Furthermore, it is the case

that current DRSP approaches can lead to a false sense of security because they assume

exact knowledge of the moments of the stochastic parameters. In practice, moment esti-

mates are inherently noisy due to the fact that distributioninformation is often limited to

historical data.

This thesis studies methods for formulating an accurate distributionally robust opti-

mization model in the context of such data-driven problems and for solving this problem

effectively. Focusing mainly on a frequentist approach which makes minimal assumptions

about the stochastic process, we show how the historical observations can be used to con-

struct an uncertainty set for the distribution which is guaranteed with high probability to

containF . The structure of this uncertainty set also ensures that theDRSP model can be

solved efficiently for a large class of problems. This leads to providing solutions with tan-

gible guarantees for a number of practical problems where uncertainty cannot simply be

ignored. These include an aircraft fleet composition problem with random flight demand,

a portfolio selection problem with random future stock values, and a machine replacement
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problem with random life span and replacement costs. We alsobriefly consider the case

where one can commit to a Bayesian prior, and we compare the solution of a DRSP ap-

proach which accounts for this Bayesian prior to the solution of a percentile optimization

model which is conceptually more appropriate yet can lead toan intractable problem. Over-

all, we believe that after reading through this thesis, a decision maker should have in hand

the necessary tools to address large scale data-driven problems effectively and in a way that

provides him with valuable guarantees about the future performance of his decision.

1.1 Prior Work in Distributionally Robust Optimization

Since its introduction by H. Scarf in 1958, the DRSP model, which is also known as the

minimax stochastic program, has gained a lot of interest in the scientific community and

can serve many purposes. In its simplest form, it can be used to compute upper bounds on

the moment of a random vector (i.e., the moment problem as reviewed in [34]). Alterna-

tively, when estimating optimality of a candidate solutionto a stochastic program, one can

formulate the DRSP to compute an upper bound on the problem’soptimal value (e.g., in [9]

and in [32]). Finally, in this work we are mainly interested by its capacity to provide robust

decisions in contexts where distribution information is limited (e.g. in [16] and in [56]).

Interestingly, if one uses the distributional set that contains the set of single point dis-

tributions (i.e., that put all of their weight at a single point) over the support S, then the

DRSP reduces to the so-called robust optimization problem [2] which takes the form

minimize
x∈X

(

max
ξ∈S

h(x, ξ)

)

Despite the fact that this model entirely disregards the stochastic structure ofξ, it has

become very popular because it is often the case that accounting for uncertainty this way

comes at a small overhead cost in computation time (see [4] for a review).

More generally, authors have considered a wide range of forms for the distributional set

D. In [33] and in [54], the authors consider a set containing unimodal distributions that sat-

isfy some given support constraints. Under some conditionson h(x, ξ), they characterize
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the worst distribution as being a uniform distribution. Themost popular type of distri-

butional setD imposes linear constraints on moments of the distribution as is discussed

in [52, 16, 46, 6]. While many different forms of the distributional set can be found in the

literature (see [17] and reference therein), computational difficulties that arise when deal-

ing with ξ of large dimension or with a rich objective function have limited the practical

application of this model. More specifically, the worst casemoment expression can rarely

be simplified analytically, as in the linear chance constraint problem considered in [12].

Instead, it is more common that the model is intractable and that only global optimization

methods can be employed to get an optimal solution (e.g., in [20] and in [23]).

In order to make the DRSP model tractable, approaches that consider moment con-

straints typically assumed that the first and second momentsare known exactly. For in-

stance, in his original model, Scarf considered a newsvendor problem with a one di-

mensional decision variablex and a single parameterξ, which represented respectively

how much inventory the vendor should hold and a random amount, with known mean

and variance, of demand for the newspapers. The cost function had the formh(x, ξ) =

max{c(x − ξ) , r(ξ − x)}}. To solve this model, Scarf exploited the fact that the worst

case distribution of demand could be chosen to be one with allof its weight on two points.

This idea was reused in [65, 67, 45] where, although the objective functions take more

interesting forms, the authors make the same assumption. This line of work also relies

on characterizing the worst case distribution as a point distribution. Unfortunately, the as-

sumption of exact knowledge of these moments already fails to generate tractable models

when a constraint on support is also considered (see [6] which is revisited in Section 4.1).

Although it is rarely the case in practice that a random vector’s moments are exactly

known, only a few authors have considered the challenge of accounting precisely for the

only distribution information that is present in most decision problems:i.e., historical sam-

ples drawn from the distribution. In [43], the authors considered a discrete random variable

with a polynomial number of states and proposed using a likelihood based approach for

constructing the distributional set based on past observations. They show that the resulting

distributionally robust problem is tractable. Unfortunately, these results do not generalize

easily to problems that involve continuous variables. In fact, prior to this work, the idea that

an optimization model should account for a confidence regionof moments had only been
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discussed briefly in two special forms of portfolio selection problems (see [19] and [27]).

In contrast, this thesis provides a unifying framework for formulating and solving a well-

justified distributionally robust optimization model in the context of data-driven problems.

The details of our contribution are presented next.

1.2 Contribution of this Thesis

In Chapter 2, we address the question of distribution uncertainty from a frequentist point of

view. Using the historical data that is available, we derivenew confidence regions for the

mean and covariance matrix of a random vector. While the typical confidence region for

a covariance matrix is expressed using sum of square differences, the one that we propose

constrains the terms directly with respect to their effect on the variance of projections of the

random vector. This new confidence region appeared for the first time in our article [15]

and should be of value to the field of applied statistics.

In Chapter 3, we analyze the computational difficulties related to solving the distribu-

tionally robust stochastic program with a distributional set that constrains the support and

accounts for moment uncertainty. Although the model has been studied heavily since Scarf

introduced it in 1958, we are the first to show that for decision models where the objective

is convex in the decision variables and ”piecewise concave”in the parameters, there exists

a polynomial time algorithm that can solve the distributionally robust form to any level

of accuracy. In fact, we also show that in some cases the distributionally robust stochastic

program is much easier to solve than the original stochasticprogramming form. In conjunc-

tion with our new results on confidence regions, this analysis leads to proposing a complete

framework for providing reliable risk-sensitive solutions to data-driven problems.

In Chapter 4, we present three applications of the distributionally robust framework:

the problem of bounding a probability inequality, the problem of composing a fleet of

aircraft when demand for the scheduled flights is unknown, and a problem of portfolio

selection. In each of these three problems, given that the distribution information comes

from historical samples, the new theory allows the formulation of an optimization model

that is tractable and is guaranteed with high probability toaccount for the true unknown

distribution. Furthermore, our experiments use real stockdata to demonstrate that in the



CHAPTER 1. INTRODUCTION 6

portfolio selection problem there are heavy risks related to disregarding one’s uncertainty

in either the form of the distribution or in the quality of some measurements of its moments.

In Chapter 5, we adopt the Bayesian perspective to address distribution uncertainty

in stochastic decision problems. Under this framework, it is well known that distribu-

tion uncertainty can be described by a hyper-distribution (i.e., a distribution over distribu-

tions). After adapting the distributionally robust approach to this context, we compare it to

a percentile optimization model in terms of accuracy of representation and computational

tractability. Our study focuses more specifically on Markovdecision processes and leads to

interesting new theoretical results for the problem of percentile optimization. More specifi-

cally, while the percentile criterion can be solved efficiently in some special cases, we show

that it can easily lead to NP-hard problems. Fortunately, inthe case of data-driven Markov

decision processes, we propose the first approximation of this criterion whose accuracy can

be measured in terms of the number of observations.



Chapter 2

Moment Uncertainty in Data-driven

Problems

We first adopt the frequentist point of view which defines the probability distribution of our

random parameters as the limit of the relative frequency of occurrence in a large number

of trials. Our first objective is to answer the question: Whatis the distribution information

present in historical data for a vector of uncertain parameters? More specifically, based

on a set ofM samples{ξi}M
i=1 identically and independently drawn from the distribution

associated withξ, we are interested in determining useful statistical characteristics of the

distribution. In this chapter, we focus on the task of defining confidence regions for the

mean and covariance matrix of this random vector solely based on basic knowledge of the

support of this random vector and a finite set of samples. The main contribution of this

work is to derive a new form of confidence region for a covariance matrix which takes

the shape of the difference between two positive semi-definite cones. This new confidence

region appeared for the first time in our article [15].

2.1 Introduction

In what follows, we will show how one can define a confidence region for the mean and

the covariance matrix of a random vectorξ such that it is assured with high probability

to contain the mean and covariance matrix of the distribution of ξ. This will be achieved

7



CHAPTER 2. MOMENT UNCERTAINTY IN DATA-DRIVEN PROBLEMS 8

without making any structural assumptions about the distribution ofξ beside that its support

is bounded by a ball of known finite radius. In order to simplify the derivations, we start by

reformulating the random vectorξ in terms of a linear combination of uncorrelated random

variables. More specifically, given the random vectorξ ∈ Rm with meanµ and covariance

matrixΣ ≻ 0, let us defineζ ∈ Rm to be the normalized random vectorζ = Σ
−1/2(ξ−µ)

such thatE [ζ] = 0 andE [ζζT] = I. Also, let us make the following assumption aboutζ:

Assumption 2.1.1 :There exists a ball of radiusR that contains the entire support of the

unknown distribution ofζ. More specifically, there exist anR ≥ 0 such that

P
(

(ξ − µ)T
Σ

−1(ξ − µ) ≤ R2
)

= 1 .

In practice, even when one does not have information aboutµ andΣ, we believe that

one can often still make an educated and conservative guess about the magnitude ofR. We

will also revisit this issue in Section 2.4 whereR will be derived based on the bounded

support ofξ and a set of samples{ξi}M
i=1. In what follows, a confidence region forµ

andΣ will be resolved based on Assumption 2.1.1 and on an inequality known as the

“independent bounded differences inequality”, which was popularized by McDiarmid.1 In

fact, this inequality can be seen as a generalized version ofHoeffding’s inequality.

Theorem 2.1.2: (McDiarmid [39]) Let{ξi}M
i=1 be a set of independent random vectorsξi

taking values in a setSi for eachi. Suppose that the real-valued functiong(ξ1, ξ2, ..., ξM)

defined onS1 × S2 × ...× SM satisfies

|g(ξ1, ξ2, ..., ξM) − g(ξ′1, ξ
′
2, ..., ξ

′
M)| ≤ cj (2.1)

whenever the vector sets{ξi}M
i=1 and{ξ′i}M

i=1 differ only in thej-th vector. Then for any

t ≥ 0,

P (g(ξ1, ξ2, ..., ξM) − E [g(ξ1, ξ2, ..., ξM)] ≤ −t) ≤ exp

(

−2t2
∑M

j=1 c
2
j

)

.

1If the support ofξ is unbounded, then one can derive similar results by considering that the support is
bounded with high probability, or by using some knowledge ofthe higher moments ofξ, as confirmed in [59].
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2.2 A Confidence Region for the Mean

A first use of McDiarmid’s theorem leads to defining an ellipsoidal constraint relating the

empirical estimatêµ = M−1
∑M

i=1 ξi to the true mean and true covariance matrix of the

random vectorξ.

The following result is an interesting consequence of McDiarmid’s theorem.

Lemma 2.2.1 : (Shawe-Taylor & Cristianini [57]) Let{ζi}M
i=1 be a set ofM samples gen-

erated independently at random according to the distribution ofζ. If ζ satisfies Assump-

tion 2.1.1 then with probability at least(1− δ) over the choice of samples{ζi}M
i=1, we have

that

∥

∥

∥

∥

∥

1

M

M
∑

i=1

ζi

∥

∥

∥

∥

∥

2

≤ R2

M

(

2 +
√

2 ln(1/δ)
)2

.

This result can in turn be used to derive a similar statement about the random vectorξ.

Corollary 2.2.2 : Let {ξi}M
i=1 be a set ofM samples generated independently at random

according to the distribution ofξ. If ξ satisfies Assumption 2.1.1, then with probability

greater than1 − δ, we have that

(µ̂− µ)T
Σ

−1(µ̂− µ) ≤ β(δ) , (2.2)

whereµ̂ = 1
M

∑M
i=1 ξi andβ(δ) = (R2/M)

(

2 +
√

2 ln(1/δ)
)2

.

Proof: This generalization for aξ with arbitrary mean and covariance matrix is quite

straightforward:

P
(

(µ̂− µ)T
Σ

−1(µ̂− µ) ≤ β(δ)
)

= P





∥

∥

∥

∥

∥

Σ
−1/2

(

1

M

M
∑

i=1

ξi − µ
)∥

∥

∥

∥

∥

2

≤ β(δ)





= P





∥

∥

∥

∥

∥

M
∑

i=1

ζi

∥

∥

∥

∥

∥

2

≤ β(δ)



 ≥ 1 − δ . �

SinceΣ is non-singular, the inequality of Equation (2.2) constrains the vectorµ and
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matrix Σ to a convex set. This set can be represented by the following linear matrix in-

equality after applying the principles of Schur’s complement:

[

Σ (µ̂− µ)

(µ̂− µ)T β(δ)

]

� 0 .

2.3 New Confidence Region for the Covariance Matrix

In order for Constraint (2.2) to describe a bounded set, one must be able to bound the

uncertainty inΣ. While confidence regions for the covariance matrix are typically defined

in terms of bounding the sum of square differences between each term of the matrix and

its estimate (see for example [57]), we favor the structure imposed by two linear matrix

inequalities boundingΣ around its empirical estimatêΣ = M−1
∑M

i=1(ξi − µ̂)(ξi − µ̂)T:

P
(

cminΣ̂ � Σ � cmaxΣ̂

)

≥ 1 − δ . (2.3)

Note that the difficulty of this task is mostly due to the fact that one needs to derive a

confidence interval for the eigenvalues of the stochastic matrix Σ
−1/2

Σ̂Σ
−1/2. For the case

that interests us, whereM ≫ m with M finite andm fixed, prior work usually assumesξ

is a normally distributed random vector (see [1] and [18]). Under the Gaussian assumption,

the empirical covariance matrix follows the Wishart distribution, thus one can formulate the

distribution of eigenvalues in a closed form expression andderive such percentile bounds.

In the case whereξ takes a non-normal form, the asymptotic distribution of eigenvalues was

studied in [62] and [22] among others. However, to the best ofour knowledge, our work is

the first to formulate an uncertainty set with the characteristics presented in Equation (2.3)

for a sample set of finite size. In what follows, we start by demonstrating how a confidence

region of the form presented in Equation (2.3) can be defined around Î = M−1
∑

i ζiζ
T

i

for the covariance matrix ofζ. Next, we will assume that the mean ofξ is exactly known

and we will formulate the confidence region forΣ in terms ofΣ̂(µ) = M−1
∑M

i=1(ξi −
µ)(ξi−µ)T. We conclude this section with our main result about a confidence region forµ

andΣ which relies solely on theM samples and on support information about the random

vectorξ.
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Lemma 2.3.1 : Let {ζi}M
i=1 be a set ofM samples generated independently at random

according to the distribution ofζ. If ζ satisfies Assumption 2.1.1, then with probability

greater than1 − δ, we have that

1

1 + α(δ/2)
Î � I � 1

1 − α(δ/2)
Î , (2.4)

whereα(δ/2) = (R2/
√
M)

(

√

1 −m/R4 +
√

ln(2/δ)
)

, provided that

M > R4
(

√

1 −m/R4 +
√

ln(2/δ)
)2

. (2.5)

Proof: The proof of this theorem relies on applying Theorem 2.1.2 twice to show that

both 1
1+α(δ/2)

Î � I andI � 1
1−α(δ/2)

Î occur with probability greater than1 − δ/2. Our

statement then simply follows by the union bound. However, for the sake of conciseness,

this proof will focus on deriving the upper bound since the steps that we follow can easily

be modified for the derivation of the lower bound.

When applying Theorem 2.1.2 to show thatI � 1
1−α(δ/2)

Î occurs with probability

greater than1−δ/2, the main step consists of definingg(ζ1, ζ2, ..., ζM) = min‖z‖=1 z
TÎz

and finding a lower bound forE [g(ζ1, ζ2, ..., ζM)]. One can start by showing that Con-

straint (2.1) is met whencj = R2/M for all j.

|g(ζ1, ζ2, ..., ζM) − g(ζ′1, ζ
′
2, ..., ζ

′
M)| =

∣

∣

∣

∣

min
‖z‖=1

zTÎz − min
‖z‖=1

zTÎ
′
z

∣

∣

∣

∣

,

whereÎ
′
= 1

M

∑M
i=1 ζ

′
iζ

′
i
T

= Î + 1
M

(ζ ′jζ
′
j
T − ζjζ

T

j ) since{ζi}M
i=1 and{ζ ′i}M

i=1 only differ

in thej-th vector.

Now assume thatmin‖z‖=1 z
TÎz ≥ min‖z‖=1 z

TÎ
′
z. Then,∀z∗ ∈ arg min‖z‖=1 z

TÎ
′
z,

one can show that

|g(ζ1,ζ2, ..., ζM) − g(ζ ′1, ζ
′
2, ..., ζ

′
M))| = min

‖z‖=1
zTÎz − z∗TÎ

′
z∗ ≤ z∗T(Î − Î ′)z∗

= z∗T
1

M
(ζjζ

T

j − ζ ′jζ ′Tj )z∗ =
1

M

(

(ζT

j z
∗)2 − (ζ ′Tj z

∗)2
)

≤ ‖z∗‖2‖ζj‖2

M
≤ R2

M
.
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Otherwise, for the case thatmin‖z‖=1 z
TÎz ≤ min‖z‖=1 z

TÎ
′
z, the same argument ap-

plies usingz∗ ∈ arg min‖z‖=1 z
TÎz.

The task of boundingE [g(ζ1, ζ2, ..., ζM)] is a bit harder. We can instead start by finding

an upper bound on the expected maximum eigenvalue of(I − Î) since

E

[

max
‖z‖=1

zT(I − Î)z
]

= 1 − E

[

min
‖z‖=1

zTÎz

]

, (2.6)

where the expectation is taken with respect to the random matrix Î. Using Jensen’s in-

equality and basic linear algebra, one can show that

(

E

[

max
‖z‖=1

zT(I − Î)z
])2

≤ E

[

(

max
‖z‖=1

zT(I − Î)z
)2
]

≤ E

[

m
∑

i=1

σ2
i (I − Î)

]

= E

[

trace

(

(

I − Î
)2
)]

= E



trace





(

1

M

M
∑

i=1

(

I − ζiζ
T

i

)

)2








= trace

(

1

M2

M
∑

i=1

E
[

I − 2ζiζ
T

i +
(

ζiζ
T

i

)2
]

)

=
1

M

(

trace

(

E
[

(

ζiζ
T

i

)2
])

− trace (I)
)

=
E [‖ζi‖4] −m

M
≤ R4 −m

M
,

whereσi(I − Î) refers to thei-th singular value ofI − Î. The derivation above uses

the fact that eachζi is drawn independently thus makingE [(I − ζiζ
T

i )(I − ζjζ
T

j )] =

E [I − ζiζ
T

i ]E [I − ζjζ
T

j ] = 0.

By replacing this lower bound in Equation (2.6), we have thatE [g(ζ1, ζ2, ..., ζM)] ≥
1− (R2/

√
M)
√

1 −m/R4. Thus, Theorem 2.1.2 allows us to confirm the proposed upper

bound using the following argument. Since the statement

P

(

min
‖z‖=1

zTÎz − E

[

min
‖z‖=1

zTÎz

]

≤ −ǫ
)

≤ exp

(

−2ǫ2
∑M

j=1(R
4/M2)

)

,
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implies that

P

(

min
‖z‖=1

zTÎz − E

[

min
‖z‖=1

zTÎz

]

≥ −R
2
√

ln(2/δ)√
M

)

≥ 1 − δ/2 ,

and since relaxingE [min‖z‖=1 z
TÎz] to its lower bound can only include more random

events, we necessarily have that

P

(

min
‖z‖=1

zTÎz ≥ 1 − R2

√
M

(

√

1 −m/R4 +
√

ln(2/δ)
)

)

≥ 1 − δ/2 .

Thus, given thatM is large enough such that1 − α(δ/2) > 0, we conclude that

P

(

I � 1

1 − α(δ/2)
Î

)

≥ 1 − δ/2 .

The task of showing that1/(1 + α(δ/2))Î � I also occurs with probability1 − δ/2

is very similar. One needs to apply Theorem 2.1.2, now defining g(ζ1, ζ2, ..., ζM) =

−min‖z‖=1 z
TÎz, and to demonstrate thatE [g(ζ1, ζ2, ..., ζM)] ≥ −1 − α(δ/2). The

rest follows easily. �

Remark 2.3.2 : Considering the case whereζ is actually a random variable and where

σ̂2 =
∑M

i=1 ζ
2
i , one can easily verify that the parameterα(δ) in Lemma 2.3.1 is asymptot-

ically of the right order in terms ofM andR. SinceE [ζ4] is bounded byR4, the central

limit theorem guarantees that
√
M(σ̂2−E [ζ2]) converges in distribution toN (0,E [ζ4]−1).

Thus, it follows that the distribution of(M/(E [ζ4] − 1)) (σ̂2 − E [ζ2])
2 converges to aχ2-

distribution with degree 1. For anyδ > 0, one can findc(δ) such that|σ̂2 − E [ζ2]| ≤
c(δ)

√
E [ζ4]−1√
M

is satisfied with probability greater than1 − δ. Hence, asymptotically the

confidence region−
(

1 + c(δ)R2
√

M

)−1

σ̂2 ≤ 1 ≤
(

1 − c(δ)R2
√

M

)−1

σ̂2 is tight.
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We are now interested in extending Lemma 2.3.1 to a random vector with general mean

and covariance matrix. Given the random event that Constraint (2.4) is satisfied, then:

I � 1

1 − α(δ/2)
Î ⇒ Σ

1/2IΣ1/2 � 1

1 − α(δ/2)
Σ

1/2ÎΣ1/2

⇒ Σ � 1

1 − α(δ/2)

1

M

M
∑

i=1

Σ
1/2ζiζ

T

i Σ
1/2 ⇒ Σ � 1

1 − α(δ/2)
Σ̂(µ) ,

and similarly,

1

1 + α(δ/2)
Î � I ⇒ 1

1 + α(δ/2)
Σ̂(µ) � Σ .

Since Constraint (2.4) is satisfied with probability greater than 1 − δ, the following

corollary follows easily.

Corollary 2.3.3 : Let {ξi}M
i=1 be a set ofM samples generated independently at random

according to the distribution ofξ. If ξ satisfies Assumption 2.1.1 andM satisfies Con-

straint (2.5), then with probability greater then1 − δ, we have that

1

1 + α(δ/2)
Σ̂(µ) � Σ � 1

1 − α(δ/2)
Σ̂(µ) ,

whereΣ̂(µ) = 1
M

∑M
i=1(ξi − µ)(ξi − µ)T andα(δ/2) is defined as in Lemma 2.3.1.

Combined with Corollary 2.2.2, this statement leads to the description of a convex set

which is constructed using empirical estimates of the mean and covariance matrix, and yet

is guaranteed to contain the true mean and covariance matrixof ξ with high probability.

Theorem 2.3.4 : Let {ξi}M
i=1 be a set ofM samples generated independently at random

according to the distribution ofξ. If ξ satisfies Assumption 2.1.1 andM satisfies Equa-

tion (2.5), then with probability greater than1− δ over the choice of{ξi}M
i=1, the following
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set of constraints are met:

(µ̂− µ)Σ−1(µ̂− µ) ≤ β(δ/2) (2.7a)

Σ � 1

1 − α(δ/4) − β(δ/2)
Σ̂ (2.7b)

Σ � 1

1 + α(δ/4)
Σ̂ , (2.7c)

whereΣ̂ = 1
M

∑M
i=1(ξi−µ̂)(ξi−µ̂)T, α(δ/4) = (R2/

√
M)

(

√

1 −m/R4 +
√

ln(4/δ)
)

,

β(δ/2) = (R2/M)
(

2 +
√

2 ln(2/δ)
)2

.

Proof: By applying Corollary 2.2.2, 2.3.3, and Lemma 2.3.1,the union bound guarantees

us with probability greater than1 − δ that the following constraints are met:

(µ̂− µ)Σ−1(µ̂− µ) ≤ β(δ/2)

1

1 + α(δ/4)
Σ̂(µ) � Σ � 1

1 − α(δ/4)
Σ̂(µ) .

Note that our result is not proven yet since, although the first constraint is exactly Con-

straint (2.7a), the second and third constraints actually refer to a covariance matrix estimate

that uses the true mean of the distribution instead of its empirical estimate. The following

steps will convince us that these conditions are sufficient for Constraint (2.7b) and Con-

straint (2.7c) to hold:

(1 − α(δ/4))Σ � Σ̂(µ) =
1

M

M
∑

i=1

(ξi − µ)(ξi − µ)T

=
1

M

M
∑

i=1

(ξi − µ̂+ µ̂− µ)(ξi − µ̂+ µ̂− µ)T

=
1

M

M
∑

i=1

(ξi − µ̂)(ξi − µ̂)T + (ξi − µ̂)(µ̂− µ)T

+ (µ̂− µ)(ξi − µ̂)T + (µ̂− µ)(µ̂− µ)T

= Σ̂ + (µ̂− µ)(µ̂− µ)T � Σ̂ + β(δ/2)Σ ,
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where the last semi-definite inequality of the derivation can be explained using the fact that

for anyx ∈ Rm,

xT(µ̂− µ)(µ̂− µ)Tx = (xT(µ̂− µ))2 =
(

xT
Σ

1/2
Σ

−1/2(µ̂− µ)
)2

≤ ‖xT
Σ

1/2‖2‖Σ−1/2(µ̂− µ)‖2 ≤ β(δ/2)xT
Σx .

Thus we can conclude that Constraint (2.7b) is met. Similar steps can be used to show that

Constraint (2.7c) also holds:

(1 + α(δ/4))Σ � Σ̂(µ) =
1

M

M
∑

i=1

(ξi − µ)(ξi − µ)T = Σ̂ + (µ̂− µ)(µ̂− µ)T � Σ̂ .

�

2.4 Bounding the Support ofζ using Empirical Data

The above derivations assumed that one could describe a ballcontaining the support of the

“fictitious” random vectorζ. In fact, this assumption can be replaced by an assumption on

the support of the more tangible random vectorξ as is presented in the following corollary.

Corollary 2.4.1 : Let {ξi}M
i=1 be a set ofM samples generated independently at random

according to the distribution ofξ. Given that the support of the distribution ofξ is known

to be contained inSξ, let

R̂ = sup
ξ∈Sξ

‖Σ̂−1/2
(ξ − µ̂)‖2

be a stochastic approximation ofR and for anyδ > 0, let

R̄ =

(

1 − (R̂2 + 2)
2 +

√

2 ln(4/δ̄)√
M

)−1/2

R̂ ,
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whereδ̄ = 1 −
√

1 − δ. If

M > max











(R̂2 + 2)2

(

2 +
√

2 ln(4/δ̄)

)2

,

(

8 +
√

32 ln(4/δ̄)
)2

(
√

R̂ + 4 − R̂
)4











, (2.8)

then with probability greater than1 − δ, constraints(2.7a), (2.7b), and(2.7c)are satisfied

with α(δ/4) andβ(δ/2) replaced withᾱ(δ̄/4) = (R̄2/
√
M)

(

√

1 −m/R̄4 +
√

ln(4/δ̄)
)

andβ̄(δ̄/2) = (R̄2/M)
(

2 +
√

2 ln(2/δ̄)
)2

respectively.

Proof: Since we assumed thatΣ was non-singular, the fact that the support ofξ is bounded

by a ball of radiusRξ implies thatζ is also bounded. Thus, there exists anR such that

P(‖ζ‖ ≤ R) = 1. Given thatζ has a bounded support and given Condition (2.8), Theo-

rem 3.4.2 guarantees us that with probability greater than1 − δ̄, constraints (2.7a), (2.7b),

and (2.7c) are met. Thus

R = sup
ζ∈Sζ

‖ζ‖ = sup
ξ∈Sξ

‖Σ−1/2(ξ − µ)‖ = sup
ξ∈Sξ

‖Σ−1/2(ξ − µ+ µ̂− µ̂)‖

≤ sup
ξ∈Sξ

‖Σ−1/2(ξ − µ̂)‖ + ‖Σ−1/2(µ̂− µ)‖

≤ sup
ξ∈Sξ

√

1 + α(δ̄/4)‖Σ̂−1/2
(ξ − µ̂)‖ +

√

β(δ̄/2)

≤
√

1 + α(δ̄/4)R̂ +
√

β(δ̄/2) ≤ R̂
√

1 + cR2 + cR ,

wherec =
(

2 +
√

2 ln(4/δ̄)
)

/
√
M .

A careful analysis of the functionψ(R, R̂) = R̂
√

1 + cR2 +cR leads to the observation

that ifM satisfies Condition (2.8) then the fact thatR ≤ ψ(R, R̂) necessarily implies that

R ≤ R̄. We can therefore conclude thatP(R ≤ R̄) ≥ 1 − δ̄.

Given the event thatR ≤ R̄ occurs, since

α(δ̄/4) = (R2/
√
M)

(

√

1 −m/R4 +
√

2 ln(4/δ̄)

)

≤ (R̄2/
√
M)

(

√

1 −m/R̄4 +
√

2 ln(4/δ̄)

)

= ᾱ(δ̄/4)
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and since

β(δ̄/2) = (R2/M)

(

2 +
√

2 ln(2/δ̄)

)2

≤ (R̄2/M)

(

2 +
√

2 ln(2/δ̄)

)2

= β̄(δ̄/2) ,

we can conclude with a second application of Theorem 2.3.4 that with probability greater

than1 − δ̄ the following statements are satisfied:

(µ̂− µ)Σ−1(µ̂− µ) ≤ β(δ̄/2) ≤ β̄(δ̄/2) ,

Σ � 1

1 − α(δ/4) − β(δ/2)
Σ̂ � 1

1 − ᾱ(δ̄/4) − β̄(δ̄/2)
Σ̂ ,

Σ � 1

1 − α(δ/4)
Σ̂ � 1

1 − ᾱ(δ/4)
Σ̂ .

It follows that Theorem 2.3.4 applies with̄α(δ̄/4) andβ̄(δ̄/4) because the probability that

the eventE that constraints (2.7a), (2.7b), and (2.7c) equipped withᾱ(δ̄/4) andβ̄(δ̄/4) are

met is necessarily greater than1 − δ:

P(E) ≥ P(E|R ≤ R̄)P(R ≤ R̄) ≥ (1 − δ̄)(1 − δ̄) = 1 − δ . �

2.5 Conclusion

In this chapter, we derived confidence regions for the mean and covariance matrix of a

random vector which relied on the observation of a finite set of i.i.d. samples and the

knowledge of a ball containing the support of the random vector. This result allows us to

have confidence that the unknown distributionF associated withξ must be such that it

satisfies the following three conditions:

P(ξ ∈ S) = 1

(E [ξ] − µ̂)T
Σ̂

−1
(E [ξ] − µ̂) ≤ γ1

E [(ξ − E [ξ])(ξ − E [ξ])T] � γ2Σ̂ .
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In what follows, we will use this fact to formulate and solve aversion of the stochastic

program which is robust with respect to any distribution that meets these conditions. The

results that were just presented will for the first time enable the possibility of taking deci-

sions that have strong probabilistic guarantees with respect to the true distribution behind

the historical data instead of an estimate of this distribution as is typically done.



Chapter 3

Distributionally Robust Optimization

under Moment Uncertainty

It is a common belief that the distributionally robust stochastic program presents a real com-

putational challenge when applied to a rich decision problem. In fact, it has been shown

that if one imposes that the distribution must satisfy some known support and moments val-

ues then the problem easily becomes NP-hard. In this chapter, we show that a well-justified

relaxation of this distributional set actually leads to a version of the distributionally robust

optimization model that can be solved in polynomial time fora wide range of problems.

Leveraging on the new confidence regions that were presentedin Section 2, we can now

provide solutions to data-driven problems which have strong probabilistic guarantees with

respect to performance. Thus, the main contribution of thischapter is to present theory that

permits the formulation of tractable versions of the DRSP which account accurately for the

available information about the distribution of uncertainparameters.

3.1 Introduction

It is often the case in practice that one has limited information about the distributionF

driving the uncertain parameters which are involved in the decision making process. In

such situations, it is commonly considered safer to only rely on estimates of the meanµ0

and covariance matrixΣ0 of the random vector:e.g., using empirical estimates. However,

20
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as discussed in Chapter 2, it is actually rarely the case thatone is entirely confident in these

estimates. For this reason, in this work we propose representing this uncertainty using two

constraints parameterized byγ1 ≥ 0 andγ2 ≥ 1:

(E [ξ] − µ0)
T
Σ

−1
0 (E [ξ] − µ0) ≤ γ1 (3.1a)

E [(ξ − µ0)(ξ − µ0)
T] � γ2Σ0 . (3.1b)

While Constraint (3.1a) assumes that the mean ofξ lies in an ellipsoid of sizeγ1 centered

at the estimateµ0, Constraint (3.1b) forcesE [(ξ − µ0)(ξ − µ0)
T], the centered second

moment matrix ofξ, to lie in a positive semi-definite cone defined with a matrix inequality.

In other words, it describes how likelyξ is to be close toµ0 in terms of the correlations

expressed inΣ0. Finally, the parametersγ1 andγ2 provide natural means of quantifying

one’s confidence inµ0 andΣ0 respectively.

In what follows, we will study the DRSP model under the distributional set

D1(S,µ0,Σ0, γ1, γ2) =















F ∈ M

∣

∣

∣

∣

∣

∣

∣

∣

P(ξ ∈ S) = 1

(E [ξ] − µ0)
T
Σ

−1
0 (E [ξ] − µ0) ≤ γ1

E [(ξ − µ0)(ξ − µ0)
T] � γ2Σ0















,

whereM is the set of all probability measures on the measurable space(Rm,B), withB the

Borelσ-algebra onRm, andS ⊆ Rm is any closed convex set known to contain the support

of F . The setD1(S,µ0,Σ0, γ1, γ2), which will also be referred to in short-hand notation

asD1, can be seen as a generalization of many previously proposedsets. For example,

D1(S,µ0, I, 0,∞) imposes exact mean and support constraints as is studied in [16] and

in [6]. Similarly, D1(Rm,µ0,Σ0, 0, 1) relates closely to the exact mean and covariance

matrix constraints considered in [52, 65, 45]. We will soon show that there is a lot to be

gained, both on a theoretical and practical point of view, byformulating the DRSP model

using the setD1(S,µ0,Σ0, γ1, γ2) which constrains all three types of statistics: support,

mean and centered second moment matrix.

Remark 3.1.1 : While our proposed uncertainty model cannot be used to express an arbi-

trarily large confidence in the second-order statistics ofξ, in Section 3.4 we will use the
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results presented in Chapter 2 to propose a natural way of assigning µ0, Σ0, γ1 andγ2

based on historical data. Of course, in some situations it might be interesting to include the

following constraint in the description ofD1:

γ3Σ0 � E [(ξ − µ0)(ξ − µ0)
T] , (3.2)

where0 ≤ γ3 ≤ γ2. Unfortunately, this leads to important computational difficulties for

the DRSP model. Furthermore, in most applications of our model, we expect the worst case

distribution to actually achieve maximum variance, thus making Constraint (3.2) irrelevant.

For example, both an instance of a stochastic linear programand an instance of the portfolio

optimization problem, presented in Section 3.5 and Section4.3 respectively, will have this

characteristic.

We first show that with this distributional set the distributionally robust optimization

model can be solved in polynomial time for a large range of objective functions. In fact,

the structure of our distribution set allows us to solve instances of the DRSP that are known

to be intractable under a moment matching approach (see sections 3.5 and 4.1 for more

details). Using the results presented in Chapter 2, we then show that when the problem

is data-driven, the solution of our proposed optimization model actually has strong proba-

bilistic guarantees with respect to its performance measured using the true distribution that

generates the data. We further describe the implications ofthese results for three forms

of stochastic programs: a two-stage stochastic linear program with cost uncertainty, an

expected utility maximization model, and a conditional value-at-risk minimization model.

We finally close this chapter by extending the type of distribution information that can be

accounted for inD1 without losing the property that the resulting optimization model be

tractable.

3.2 Complexity of the Inner Moment Problem

We start by considering the question of solving the inner maximization problem of a DRSP

that uses the setD1.
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Definition 3.2.1 : Given any fixedx ∈ X , let Ψ(x; γ1, γ2) be the optimal value of the

moment problem:

maximize
F ∈ D1

E F [h(x, ξ)] , (3.3)

whereE F [·] is the expectation taken with respect to the random vectorξ given that it

follows the probability distributionF ∈ D1.

SinceF is a probability measure on(Rm,B), Problem (3.3) can be described as the

conic linear problem:

maximize
F

∫

S
h(x, ξ)dF (ξ) (3.4a)

subject to

∫

S
dF (ξ) = 1 (3.4b)

∫

S
(ξ − µ0)(ξ − µ0)

TdF (ξ) � γ2Σ0 (3.4c)

∫

S

[

Σ0 (ξ − µ0)

(ξ − µ0)
T γ1

]

dF (ξ) � 0 (3.4d)

F ∈ M . (3.4e)

As it is often done with moment problems of this form, we can circumvent the difficulty

of finding the optimal value of this problem by making use of duality theory. For more

information on duality theory, we refer the reader to [10] for finite dimensional problems,

to [50, 51] for infinite dimensional problems, and to [30, 53]specifically for moment prob-

lems like Problem (3.4).

Lemma 3.2.2 : For a fixedx ∈ Rn, suppose thatγ1 ≥ 0, γ2 ≥ 1, Σ0 ≻ 0, and thath(x, ξ)

is F -integrable for allF ∈ D1. Then,Ψ(x; γ1, γ2) must be equal to the optimal value of

the problem:

minimize
Q,q,r ,t

r + t (3.5a)

subject to r ≥ h(x, ξ) − ξTQξ − ξTq ∀ ξ ∈ S (3.5b)

t ≥
(

γ2Σ0 + µ0µ
T

0

)

•Q+ µT

0 q +
√
γ1 ‖Σ1/2

0 (q + 2Qµ0)‖ (3.5c)

Q � 0 , (3.5d)
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where(A • B) refers to the Frobenius inner product between matrices,Q ∈ Rm×m is a

symmetric matrix, the vectorq ∈ Rm, andr , t ∈ R. In addition, ifΨ(x; γ1, γ2) is finite

then the set of optimal solutions to Problem(3.5)must be non-empty.

We defer the proof of this Lemma to Appendix A.1 since it is theresult of applying some

well established concepts in duality theory.

To show that there exists a tractable solution method for solving Problem (3.5), we

employ a famous equivalence between convex optimization and separation of a convex set

from a point.

Lemma 3.2.3 : (Grötschelet al. [29]) Consider a convex optimization problem of the form

minimize
z∈Z

cTz

with linear objective and convex feasible setZ. Given that the set of optimal solutions is

non-empty, the problem can be solved to any precisionǫ in time polynomial inlog(1/ǫ)

and in the size of the problem by using the ellipsoid method ifand only ifZ satisfies the

following two conditions :

1. for anyz̄, it can be verified whether̄z ∈ Z or not in time polynomial in the dimension

of z;

2. for any infeasiblēz, a hyperplane that separates̄z from the feasible setZ can be

generated in time polynomial in the dimension ofz.

A first application of this lemma leads to quantifying the difficulty of solving the feasi-

bility problem associated with Constraint (3.5b).

Assumption 3.2.4:The support setS ⊂ Rm is convex and compact (closed and bounded),

and it is equipped with an oracle that can for anyξ ∈ Rm either confirm thatξ ∈ S or

provide a hyperplane that separatesξ from S in time polynomial inm.

Lemma 3.2.5 : Let functionh(x, ξ) be concave inξ and be such that one can provide a

super-gradient ofξ in time polynomial inm. Then, under Assumption 3.2.4, for any fixed
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assignmentx,Q � 0, andq, one can find an assignmentξ∗ that isǫ-optimal with respect

to the problem

maximize
t,ξ

t (3.6a)

subject to t ≤ h(x, ξ) − ξTQξ − ξTq (3.6b)

ξ ∈ S , (3.6c)

in time polynomial inlog(1/ǫ) and the size of the problem.

Proof: First, the feasible set of the problem is convex sinceQ � 0 so thath(x, ξ) −
ξTQξ − ξTq is a concave function inξ. BecauseS is compact, the set of optimal solu-

tions for Problem (3.6) is therefore non-empty. By Assumption 3.2.4, Condition (1), and

Condition (2) in Lemma 3.2.3 are met for Constraint (3.6c). On the other hand, feasibility

of Constraint (3.6b) can be verified directly after the evaluation ofh(x, ξ); furthermore,

for an infeasible assignment(ξ̄, t̄), the following separating hyperplane can be generated

in polynomial time:

t− (∇ξh(x, ξ̄) − 2Qξ̄ − q)Tξ ≤ h(x, ξ̄) −∇ξh(x, ξ̄)
Tξ̄ + ξ̄

T
Qξ̄ ,

where∇ξh(x, ξ) is a super-gradient ofh(x, ·). It follows from Lemma 3.2.3 that the

ellipsoid method will converge to anǫ-optimal solution in polynomial time. �

We are now able to derive an important result about the complexity of solving Prob-

lem (3.5) under a general form forh(x, ξ).

Assumption 3.2.6 : The functionh(x, ξ) has the formh(x, ξ) = maxk∈{1,...,K} hk(x, ξ)

such that for eachk, hk(x, ξ) is concave inξ. In addition, given a pair(x, ξ), it is assumed

that one can in polynomial time:

1. evaluate the value ofhk(x, ξ)

2. find a super-gradient ofhk(x, ξ) in ξ.

Furthermore, for anyx ∈ Rn, q ∈ Rm, and positive semi-definiteQ ∈ Rm×m, the set

{y ∈ R | ∃ξ ∈ S, y ≤ h(x, ξ) − qTξ − ξTQξ} is closed.
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Proposition 3.2.7 : Given thatS satisfies Assumption 3.2.4 and thath(x, ξ) satisfies As-

sumption 3.2.6 and satisfies the condition of Lemma 3.2.2, then Problem(3.5) is a convex

optimization problem whose optimal value is finite and equalto Ψ(x; γ1, γ2). Moreover,

Problem(3.5)can be solved to any precisionǫ in time polynomial inlog(1/ǫ) and the size

of the problem.

Proof: First, the constraints of Problem (3.5) describe a convex set since for anyξ ∈ S
the functionh(x, ξ)− ξTQξ− ξTq is linear in(Q, q), and the function

(

γ2Σ0 + µ0µ
T

0

)

•
Q + µT

0 q +
√
γ1 ‖Σ1/2

0 (q + 2Qµ0)‖ is convex in(Q, q). The feasible set is also non-

empty since the assignmentQ = I, q = 0, t = trace
(

γ2Σ0 + µ0µ
T

0

)

+ 2
√
γ1 ‖Σ1/2

0 µ0‖,

r = supξ∈S maxk∈{1,...,K} hk(x, ξ) − ‖ξ‖2 is necessarily feasible. Note that the assump-

tion that eachhk(x, ξ) is concave ensures that such an assignment forr exists. Based on

Lemma 3.2.2 and the fact that the optimal value of Problem (3.4) is bounded below by

h(x,µ0) since the Dirac measure1 δµ0
is in D1, we can conclude thatΨ(x; γ1, γ2) is finite

and that the optimal solution set of Problem (3.5) is non-empty.

We can now use Lemma 3.2.3 to show that Problem (3.5) can be solved efficiently given

that we verify the two conditions for each of its constraints. In the case of Constraint (3.5d),

feasibility can be verified inO(m3) arithmetic operations. Moreover, a separating hyper-

plane can be generated, if necessary, based on the eigenvector corresponding to the lowest

eigenvalue. The feasibility of Constraint (3.5c) is also easily verified. Based on an in-

feasible assignment(Q̄, q̄, r̄ , t̄), a separating hyperplane can be constructed in polynomial

time:

(

γ2Σ0 + µ0µ
T

0 + ∇Qg(Q̄, q̄)
)

•Q+(µ0 + ∇qg(Q̄, q̄))
Tq − t

≤ ∇qg(Q̄, q̄)
Tq̄ + ∇Qg(Q̄, q̄) • Q̄− g(Q̄, q̄) ,

whereg(Q, q) =
√
γ1 ‖Σ1/2

0 (q + 2Qµ0)‖ and where∇Qg(Q, q) and∇qg(Q, q) are

the gradients ofg(Q, q) in Q andq respectively. Finally, given the assumed structure of

h(x, ξ), Constraint (3.5b) can be decomposed intoK sub-constraints

r ≥ hk(x, ξ) − ξTQξ − ξTq ∀ ξ ∈ S ∀ k ∈ {1, 2, ..., K}
1Recall that the Dirac measureδa is the measure of mass one at the pointa.
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Considering thek-th sub-constraint, Lemma 3.2.5 states thatsupξ∈S hk(x, ξ)−ξTQξ−ξTq

can be solved to anyǫ-precision in polynomial time. Given that the optimal valueis found

to be abover +ǫ, one can conclude infeasibility of the constraint and generate an associated

separating hyperplane using any optimal solutionξ∗ as follows:

(ξ∗ξ∗
T •Q) + ξ∗

Tq + r ≥ hk∗(x, ξ∗) .

SinceK is finite, the conditions derived from [29] are necessarily met by Problem (3.5). We

therefore conclude thatΨ(x; γ1, γ2) can be computed up to any precisionǫ in polynomial

time using the ellipsoid method. �

3.3 Complexity of Distributionally Robust Optimization

Based on our result with the inner moment problem, we can now address the existence of a

tractable solution method for the DRSP model under the distributional setD1:

minimize
x∈X

(

max
F ∈ D1

E F [h(x, ξ)]

)

. (3.7)

Assumption 3.3.1 : The setX ⊂ Rn is convex and compact (closed and bounded), and it

is equipped with an oracle that can for anyx ∈ Rn either confirm thatx ∈ X or provide a

hyperplane that separatesx fromX in time polynomial inn.

Assumption 3.3.2 : The functionh(x, ξ) is convex inx. In addition, it is assumed that

one can find in polynomial time a sub-gradient ofh(x, ξ) in x.

Based on these new assumptions, the proposition that follows states that the distribu-

tionally robust optimization model is tractable. It is actually the case that the model is

tractable under weaker conditions on the separation oracles ofS andX , yet for clarity of

exposure we defer such technical derivations to Appendix A.2.

Proposition 3.3.3 : Given that assumptions 3.2.4, 3.2.6, 3.3.1, and 3.3.2 hold,then the

DRSP model presented in Problem(3.7)can be solved to any precisionǫ in time polynomial

in log(1/ǫ) and the sizes ofx andξ.
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Proof: The proof of this theorem follows similar lines as theproof for Proposition 3.2.7.

We first reformulate the inner moment problem in its dual formand use the fact that min-

min operations can be performed jointly and that the constraint involving h(x, ξ) decom-

poses. This leads to an equivalent convex optimization formfor Problem (3.7):

minimize
x,Q,q,r ,t

r + t (3.8a)

subject to r ≥ hk(x, ξ) − ξTQξ − ξTq , ∀ ξ ∈ S, k ∈ {1, ..., K} (3.8b)

t ≥
(

γ2Σ0 + µ0µ
T

0

)

•Q+ µT

0 q +
√
γ1 ‖Σ1/2

0 (q + 2Qµ0)‖ (3.8c)

Q � 0 (3.8d)

x ∈ X . (3.8e)

As in the proof of Proposition 3.2.7, we need to show that the ellipsoid method can be

successfully applied. BecauseX is compact and non-empty, similar arguments to those

presented in Proposition 3.2.7 ensure that the optimal solution set is once again non-empty.

Regarding Condition (1) and Condition (2), the arguments that were presented in the proof

of Proposition 3.2.7 still apply for Constraint (3.8c) and Constraint (3.8d). However, the

argument for Constraint (3.8b) needs to be revisited sincex is now considered an optimiza-

tion variable. Feasibility of an assignment(x̄, Q̄, q̄, r̄) can still be verified in polynomial

time because of Lemma 3.2.5 and of the fact thatK is finite. However, in the case that one

of the indexed constraints, say thek∗-th one, is found to be infeasible, one now needs to

generate a separating hyperplane using the worst caseξ∗ and∇xhk(x̄, ξ∗), a sub-gradient

of hk∗(·, ξ∗) at x̄:

(ξ∗ξ∗
T •Q) + ξ∗

Tq + r −∇xhk∗(x̄, ξ∗)
Tx ≥ hk∗(x̄, ξ∗) −∇xhk∗(x̄, ξ∗)

Tx̄ .

Since by Assumption 3.3.2, a sub-gradient∇xhk(x̄, ξ∗) can be obtained in polynomial

time and since, by Assumption 3.3.1, the conditions are met for Constraint (3.8e), we can

conclude that Lemma 3.2.3 can be applied. Problem (3.8) can therefore be solved to any

precision in polynomial time. �
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We believe this result should be of high significance for boththeoreticians and practi-

tioners as it indicates that, ifminx maxξ∈S h(x, ξ) is a tractable robust optimization prob-

lem (as discussed in [2] and [4]), then the less conservativeDRSP withD1 is also tractable.

In some cases, the inner moment problem might even be reducible (see Section 4.3 for an

example). Moreover, one also has access to the wide spectrumof methods for robust opti-

mization problems: ranging from methods that use cutting planes more efficiently than the

ellipsoid method such as in [26, 64, 8], to methods that approximate the feasible set with a

finite number of sampled constraints such as in [14, 11].

Remark 3.3.4 : The constraintQ � 0 plays an important role in making Problem (3.7)

solvable in polynomial time. This constraint corresponds to the second moment matrix

inequality in the construction of our distribution setD1. If the inequality is replaced by an

equality, thenQ becomes “free” and Problem (3.6) is no longer ensured to be a convex op-

timization problem. This explains why many DRSP problems under the “exact covariance

constraint” actually become intractable.

Remark 3.3.5 : We also remark that the bounded condition onS in Assumption 3.2.4 is

imposed in order to simplify the exposition of our results. In the case thatS is unbounded,

Proposition 3.2.7 and Proposition 3.3.3 will hold as long asfeasibility with respect to Con-

straint (3.5b) can be verified in polynomial time. In fact, given an infeasible assignment

(x̄, Q̄, q̄, r̄), one can interrupt the solution process for Problem (3.6) when the achieved

maximum is higher than̄r . This is guaranteed to occur in polynomial time since eitherthe

problem is unbounded above or the set of optimalt∗ for Problem (3.6) is non-empty due to

the technical condition in Assumption 3.2.6.

3.4 Reliable Solutions for Data-driven Problems

In some practical situations where one wishes to formulate aDRSP model, it might not

be clear how to define an uncertainty set for the mean and second moment matrix of the

random vector of parametersξ. It is more likely the case that one only has in hand a

set of independent samples,{ξi}M
i=1, drawn according to the distribution ofξ and wishes
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to guarantee that the solution of the DRSP model is robust with respect to the unknown

distribution of the random vectorξ.

We first use our recent result to define, based on the samples{ξi}M
i=1, a set of distribu-

tions which is known to contain the distribution ofξ with high probability, given thatM is

sufficiently large.

Definition 3.4.1 : Given a set{ξi}M
i=1 of M samples, for anyδ > 0 let µ̂, Σ̂, γ̄1 andγ̄2 be

defined as

µ̂ =
1

M

M
∑

i=1

ξi , Σ̂ =
1

M

M
∑

i=1

(ξi − µ̂)(ξi − µ̂)T

γ̄1 =
β̄(δ̄/2)

1 − ᾱ(δ̄/4) − β̄(δ̄/2)
, γ̄2 =

1 + β̄(δ̄/2)

1 − ᾱ(δ̄/4) − β̄(δ̄/2)
.

where ᾱ(δ̄/4) = O(1/
√
M) and β̄(δ̄/2) = O(1/M) are constants defined in Corol-

lary 2.4.1.

Note that it follows from Definition 3.4.1 that̄γ1 → 0 andγ̄2 → 1 asM goes to infinity.

Corollary 3.4.2 : Let {ξi}M
i=1 be a set ofM samples generated independently at random

according to the distribution ofξ. If M satisfies Constraint(2.8) and ξ has a support

contained in a bounded setS, then with probability greater than1 − δ over the choice of

{ξi}M
i=1, the distribution ofξ lies in the setD1(S, µ̂, Σ̂, γ̄1, γ̄2).

Proof: This result can be derived from Corollary 2.4.1. One can show that given any

estimateŝµ and Σ̂ that satisfy both constraints (2.7a) and (2.7b) equipped with ᾱ(δ̄/4)

and β̄(δ̄/2), these estimates should also satisfy constraints (3.1a) and (3.1b). First, Con-

straint (3.1a) is necessarily met since for suchµ̂ andΣ̂,

(1 − ᾱ(δ̄/4) − β̄(δ̄/2))(µ̂− E [ξ])T
Σ̂

−1
(µ̂− E [ξ]) ≤ (µ̂− E [ξ])T

Σ
−1(µ̂− E [ξ])

≤ β̄(δ̄/2) ,

where we used the fact that Constraint (2.7a) implies thatxT
Σ

−1x ≥ (1 − ᾱ(δ̄/4) −
β̄(δ̄/2))xT

Σ̂
−1
x for anyx ∈ Rm. Similarly, the samêµ andΣ̂ can be shown to satisfy
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Constraint (3.1b):

1

1 − ᾱ(δ̄/4) − β̄(δ̄/2)
Σ̂ � Σ = E [ξξT] − E [ξ]E [ξ]T

� E [(ξ − µ̂)(ξ − µ̂)T] − β̄(δ̄/2)

1 − ᾱ(δ̄/4) − β̄(δ̄/2)
Σ̂ ,

since for allx ∈ Rm,

xTE [ξ]E [ξ]Tx =
(

xT(E [ξ] − µ̂+ µ̂)
)2

=
(

xT(E [ξ] − µ̂)
)2

+ 2xT(E [ξ] − µ̂)µ̂Tx+
(

xTµ̂
)2

= trace
(

xT(E [ξ] − µ̂)(E [ξ] − µ̂)Tx
)

+ 2xTE [ξ]µ̂Tx− (xTµ̂)2

≤ (E [ξ] − µ̂)T
Σ

−1(E [ξ] − µ̂)xT
Σx+ 2xTE [ξ]µ̂Tx− (xTµ̂)2

≤ xT

(

β̄(δ̄/2)

1 − ᾱ(δ̄/4) − β̄(δ̄/2)
Σ̂ + E [ξ]µ̂T + µ̂E [ξ]T − µ̂µ̂T

)

x

= xT

(

β̄(δ̄/2)

1 − ᾱ(δ̄/4) − β̄(δ̄/2)
Σ̂ + E [ξξT] − E [(ξ − µ̂)(ξ − µ̂)T]

)

x .

By Corollary 2.4.1, the random variablesµ̂ andΣ̂ are known to satisfy constraints (2.7a)

and (2.7b) with probability greater than1− δ, therefore they also satisfy constraints (3.1a)

and (3.1b) with probability greater than1 − δ. �

We can now extend the results presented in sections 3.2 and 3.3 to a data-driven frame-

work where moments of the distribution are estimated using independent samples. Based

on the computational argument of Proposition 3.3.3 and the probabilistic guarantees pro-

vided by Corollary 3.4.2, we present an important result fordata-driven problems.

Theorem 3.4.3 : Let {ξi}M
i=1 be a set ofM samples generated independently at random

according to the distributionF whose support is contained in the setS. For anyδ > 0, if

assumptions 3.2.4, 3.2.6, 3.3.1, and 3.3.2 are satisfied then, given the set{ξi}M
i=1, one can

solve Problem(3.7) in polynomial time under the setD1(S, µ̂, Σ̂, γ̄1, γ̄2) whereµ̂, Σ̂, γ̄1,

and γ̄2 are assigned as in Definition 3.4.1. Furthermore, ifM satisfies Constraint(2.8),

then with probability greater than1−δ over the choice of{ξi}M
i=1, we have that any optimal
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solutionx∗ of the DRSP formed using these samples will satisfy the constraint

E [h(x∗, ξ)] ≤ Ψ(x∗; γ̄1, γ̄2) ,

whereE [·] is the expectation with respect to the true distribution ofξ.

Since we believe the moment problem to be interesting in its own right, we wish to

mention a simple consequence of the above result for moment problems in a data-driven

framework.

Corollary 3.4.4: Letδ > 0 and let{ξi}M
i=1 be a set ofM samples generated independently

at random according to the distributionF which support is contained in the setS. For any

δ > 0 and functiong(ξ) , if S satisfies Assumption 3.2.4 and the functionh(x, ξ) = g(ξ)

satisfies Assumption 3.2.6 then, given the set{ξi}M
i=1, one can solve in polynomial time the

moment problem

maximize
F ∈ D1(S,µ̂,Σ̂,γ̄1,γ̄2)

E F [g(ξ)] ,

whereµ̂, Σ̂, γ̄1 and γ̄2 are assigned as in Definition 3.4.1. Furthermore, ifM satisfies

Constraint(2.8), then with probability greater than1 − δ over the choice of{ξi}M
i=1, we

have that

E [g(ξ)] ≤ Ψ(0; γ̄1, γ̄2) ,

whereE [·] is the expectation with respect to the true distribution ofξ.

3.5 Lessons from a Stochastic Linear Program

We consider the special case of a two-stage stochastic linear program:

minimize
x

E [hSLP(x, ξ)]

subject to A1x ≤ b1 ,
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whereξ is a random vector of parameters andh(x, ξ) is the optimal value of a second stage

linear optimization problem of the form

hSLP(x, ξ) := minimize
y

cT

1x+ ξTy

subject to A2x+B2y ≤ b2 .

Here,x ∈ Rn1 represents a set of variables which must be chosen prior to gathering the

knowledge aboutξ. At a later time, onceξ is observed, some recourse actionsy can be

taken in order to minimize the actual incurred cost. This model is said to only have cost

uncertainty since the feasible set fory ∈ Rn2 is fully determined givenx and does not

depend on the particular instance ofξ.

We can easily verify that in this problemhSLP(x, ξ) is convex inx, since it is the

optimal value of a minimization problem (overy) that is convex jointly inx andy. It

is also concave inξ, since it is the minimum of a set of linear functions ofξ. Based on

Proposition 3.3.3, we know that the distributionally robust version of this problem can be

solved efficiently.

Corollary 3.5.1 : The distributionally robust stochastic linear program with uncertainty

in the second stage cost and with distributional setD1:

minimize
x

max
F∈D1(S,µ0,Σ0,γ1,γ2)

E F [hSLP(x, ξ)] (3.9a)

subject to A1x ≤ b1 (3.9b)

can be solved in polynomial time.

Because we are now informed that this problem is a tractable one, it becomes interesting

to look for solution methods that can exploit the structure in order to reduce computational

requirements. The following proposition states that Problem (3.9) can be reduced to a

second-order cone program (see [36]).

Proposition 3.5.2 : LetEµ be the ellipsoidEµ = {µ ∈ Rn2 |(µ−µ0)
T
Σ

−1
0 (µ−µ0) ≤ γ1}
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and satisfyEµ ⊆ S. Then Problem(3.9) is equivalent to the second-order cone program

minimize
x,y

cT

1x+ µ̂Ty +
√
γ1‖Σ̂

1/2
y‖

subject to A1x ≤ b1

A2x+B2y ≤ b2 .

Proof: This proposition is a consequence of the fact thathSLP(x, ξ) is a concave function

of ξ. Thus, by Jensen’s inequality we know that for any distribution F , it is the case that

E F [hSLP(x, ξ)] ≤ hSLP(x,E F [ξ]), and equality is achieved if the distribution ofξ is the

Dirac measureδE F [ξ]. If we can show that for allµ ∈ Eµ the Dirac measureδµ is necessarily

in D1(S,µ0,Σ0, γ1, γ2), then we have demonstrated that Problem (3.9) is equivalentto:

minimize
x

max
µ∈Eµ

{

min
y∈{y|A2x+B2y≤b2}

cT

1x+ µTy

}

subject to A1x ≤ b1 .

SinceEµ is compact and convex, by Sions minimax theorem [58], inverting the order of

maxµ andminy leads to an equivalent problem:

minimize
x,y

max
µ∈Eµ

{

cT

1x+ µTy
}

subject to A1x ≤ b1

A2x+B2y ≤ b2 .

Finally, the reduction of a robust linear objective with ellipsoidal uncertainty to a second-

order cone objective is a well known one in the field of robust optimization (see [2]).

It remains to show that for allµ ∈ Eµ, it is true thatδµ ∈ D1(S, µ̂, Σ̂, γ1, γ2). By our

assumption thatEµ ⊆ S, δµ necessarily satisfies the support and mean constraints imposed

on all distributions inD1. Assuming without loss of generality that0 < γ1 ≤ γ2, the second
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moment condition can be verified using the fact thatE δµ
[ξ] = µ. Specifically,

(E δµ
[ξ] − µ0)

T
Σ

−1
0 (E δµ

[ξ] − µ0) ≤ γ1 ↔
[

Σ0 µ− µ0

µT − µT

0 γ1

]

� 0

↔ (µ− µ0)(µ− µ0)
T � γ1Σ0

→ E [(δµ − µ0)(δµ − µ0)
T] � γ2Σ0 .

This completes our proof. �

In proving Proposition 3.5.2, we used the fact that the distribution that puts all of its

weight on a single point is a worst case distribution for Problem (3.9). This means that

if the mean of the distribution is known exactly, our robust approach reduces to the well

known deterministic counter part of the stochastic program,

minimize
x,y

cT

1x+ E [ξ]Ty

subject to A1x ≤ b1

A2x+B2y ≤ b2 .

This is interesting since, in practice, this deterministiccounter part is often used as a heuris-

tic to provide a quick solution to a stochastic program. Proposition 3.5.2 confirms that this

heuristic is well-justified when one is more confident in the mean of the random vector of

uncertain parameters than he is about the form of its distribution.

It is important to mention that the phenomenon that was just described is not simply

caused by the fact thatD1 imposes no lower bound on the covariance matrix. In fact, in

the case that the support is unbounded and that the mean and covariance matrix are exactly

known, one can show that solving the DRSP with distributional setD1(S, µ̂, Σ̂, 0, 1) leads

to the same solution as the DRSP which imposes equality constraints.

Proposition 3.5.3 : Given that for anyx ∈ X , the setY(x) = {y|A2x+B2y ≤ b2} is

bounded by a ball centered at0 of finite radiusR(x), Problem(3.9) with the distribution

setD1(Rn2,µ0,Σ0, 0, 1) is equivalent to Problem(3.9)with the distributional set

D̄(Rn2 ,µ0,Σ0) =
{

F ∈ M
∣

∣P(ξ ∈ Rn2) = 1, E [ξ] = µ0, E [(ξ − µ0)(ξ − µ0)
T] = Σ0

}

.
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Proof: Using Lemma 3.2.2, we can state that the inner maximization problem

max
F∈D1(Rn2 ,µ0,Σ0,0,1)

cT

1x+ E F [hSLP(x, ξ)] (3.10)

is equivalent to the solution of its dual problem

minimize
Q,q,r,t

r + t (3.11a)

subject to r ≥ hSLP(x, ξ) − ξTQξ − ξTq ∀ ξ ∈ Rn2 (3.11b)

t ≥
(

Σ0 + µ0µ
T

0

)

•Q+ µT

0 q (3.11c)

Q � 0 , (3.11d)

where(A • B) refers to the Frobenius inner product between matrices,Q ∈ Rn2×n2 is a

symmetric matrix, the vectorq ∈ Rn2 andr, t ∈ R. We now show that, becauseY(x) is a

bounded set for allx ∈ X , Constraint (3.11d) is actually redundant. In fact, any real valued

assignment forQ, q, r, t that is feasible with respect to Constraint (3.11b) necessarily has

thatQ � 0. Let’s assume thatQ � 0, then there exists a vectorz ∈ Rn2 such that‖z‖ = 1

andzTQz = −δ for someδ > 0. Yet,

r ≥ min
y∈Y(x)

yTξ − ξTQξ − ξTq ∀ ξ ∈ Rn2

≥ max
α>0

(

min
y∈Y(x)

yTαz − (αz)TQ(αz) − (αz)Tq

)

≥ max
α>0

(

−αR(x) + α2δ − α‖q‖
)

= ∞ ,

But sincer is real valued, we have a contradiction. Thus, feasibility with respect to Con-

straint (3.11b) implies feasibility with respect to Constraint (3.11d) thus Constraint (3.11d)

is redundant in Problem (3.11).

Applying duality theory to Problem (3.11) with Constraint (3.11d) removed, we get the
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problem

maximize
F

E F [hSLP(x, ξ)]

subject to E F [ξ] = µ0

E F [(ξ − µ0)(ξ − µ0)
T] = Σ0 ,

which must achieve the same optimal value as Problem (3.10).Since the problem above

is the inner maximization problem considered in Problem (3.9) with the distributional set

D̄(Rn2 ,µ0,Σ0), we can therefore conclude that the two problems are equivalent. �

This last theorem indicates that, as we expected in Remark 3.1.1, in many problems the

lower bound on the covariance matrix is redundant. On the other hand, it is actually the case

that imposing such a constraint can cause the optimization model to become intractable as

is shown in the next proposition. This is the main reason why we considerD1 to be a more

practical distributional set to use. Based on the cases thatwe study in this work, usingD1

instead ofD̄ either leads to the same solution or gives a solution which isslightly more

robust than needed to a problem that is actually NP-hard to solve.

Proposition 3.5.4 : The DRSP with̄D(S,µ0,Σ0) is NP-hard in general.

Proof: We will show that the special case whereS = Rn2+ = {ξ ∈ Rn2|ξ ≥ 0} is already

hard for the form

minimize
x

max
F∈D̄(Rn2+,µ0,Σ0)

E F [hSLP(x, ξ)] (3.12a)

subject to x ≥ 0 , 1
T

n1
x ≤ 2 , (3.12b)

where1n1 is the vector of all ones inRn1, andhSLP(x, ξ) is the optimal value of the second

stage linear program

hSLP(x, ξ) := minimize
y

ξTy

subject to

n2
∑

i=1

yi ≥ −1, , −x ≤ y ≤ 0 .
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We showed in the proof of Theorem 3.5.3 that this problem is equivalent to Problem (3.11)

with Constraint (3.11d) removed. Following similar lines that were used in the proof of

Proposition 4.2 in [6], we reduce the NP-hard problem of checking if a given matrix is

copositive to the separation problem associated with Constraint (3.11b). By the equivalence

of optimization and separation (see [29]) solving Problem (3.12) is therefore NP-hard.

Problem COPOS: Given a matrixH ∈ Rn×n with rational entries, does there exists a

z ≥ 0 such thatzTHz < 0?

Consider verifying feasibility of Constraint (3.11b) for an assignment

Q =









0 0 0
T

n

0 0 0
T

n

0n 0n H









, q = 0n+2 , r = 0 , x =









1

1

0n









,

where0n is the vector of all zeros inRn. In this case, Constraint (3.11b) can be reformu-

lated as

0 ≥ max
ξ≥0

{

hSLP(x, ξ) − ξT

3:n+2Hξ3:n+2

}

↔ 0 ≥ max
ξ≥0

{

min{−ξ1,−ξ2) − ξT

3:n+2Hξ3:n+2

}

↔ 0 ≥ −ξT

3:n+2Hξ3:n+2 , ∀ ξ3:n+2 ≥ 0 ,

whereξ3:n+2 is short-hand notation for[ξ3, ξ4, ..., ξn+2]
T. Since verifying the last state-

ment is equivalent to showing thatH is copositive, Problem (3.9) with̄D(Rn2+,µ0,Σ0) is

necessarily NP-hard. �

Although this last proof is similar in nature to the proof presented by Bertsimas et

al. [6], here it addresses the problem of finding a distributionally robust solution instead of

a tight bound for a probability inequality. It actually confirms more rigorously the intuition

that Problem (3.9) is at least as hard as the optimal inequality problem.
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3.6 Implications for Expected Utility Maximization

When dealing with uncertainty, different decision makers naturally exhibit different atti-

tudes toward the risks related to the performance of their decision. This is the case even

when the probability distribution of the random variables involved is well known. For this

reason, it is common to use an expected utility measure as theobjective of a stochastic

program. Specifically, the decision maker can formulate

maximize
x

E [u(−h(x, ξ))]
subject to x ∈ X ,

whereu(·) is a non-decreasing concave function that encodes his relative valuation of the

different reachable levels of his revenue, andh(x, ξ) is a cost function, or equivalently

−h(x, ξ) is a revenue function. This form implements risk averseness; for instance, losing

some levelα in performance reduces utility more than is gained by an equivalent increase

of α in performance:

(u(y + α) − u(y)) + (u(y − α) − u(y)) = 2

(

1

2
u(y + α) +

1

2
u(y − α)

)

− 2u(y)

≤ 2u(y) − 2u(y) = 0 .

In this section, we briefly discuss how the distributionallyrobust framework can be applied

to an expected utility maximization problem with piecewiselinear concave utility of the

form u(y) = mink∈{1,2,...,K} aky + bk with ak ≥ 0 for all k ∈ {1, 2, ..., K}.

Because the expected utility framework relies on the knowledge of the true distribution

of outcomes, the distributionally robust optimization model becomes attractive in contexts

where one does not hold enough information about the uncertain parameters to commit to

a choice of distribution. The case of a data-driven problem continues to be an excellent

example of such a situation. For this reason, we take the timeto mention implications of

our results to this problem.

More specifically, a simple application of the theory developed in Section 3.4 leads to
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the following interesting corollary about the distributionally robust expected utility maxi-

mization problem.

Corollary 3.6.1 : Let {ξi}M
i=1 be a set ofM samples generated independently at random

according to the distributionF whose support is contained in the setS. For anyδ > 0, if

assumptions 3.2.4, 3.2.6, 3.3.1, and 3.3.2 are satisfied then, given the set{ξi}M
i=1, one can

solve in polynomial time the problem

maximize
x∈X

min
F∈D1(S,µ̂,Σ̂,γ̄1,γ̄2)

E F [u(−h(x, ξ))] ,

whereµ̂, Σ̂, γ̄1, and γ̄2 are assigned as in Definition 3.4.1. Furthermore, ifM satisfies

Constraint(2.8), then with probability greater than1 − δ over the choice of{ξi}M
i=1, we

have that any optimal solutionx∗ of the DRSP formed using these samples will satisfy the

constraint

E [u(−h(x∗, ξ))] ≥ min
F∈D1(S,µ̂,Σ̂,γ̄1,γ̄2)

E F [u(−h(x∗, ξ))] ,

whereE [·] is the expectation with respect to the true distribution ofξ.

Proof: After reformulating the expected utility maximization problem in its minimization

form,

minimize
x∈X

max
F∈D1(S,µ̂,Σ̂,γ1,γ2)

E [−u(−h(x, ξ))] ,

the validity of this corollary is confirmed by verifying thatthe future cost function̄h(x, ξ) =

−u(−h(x, ξ)) satisfies assumptions 3.2.6 and 3.3.2 given thath(x, ξ) does. Assump-

tion 3.2.6 is satisfied since

h̄(x, ξ) = max
k∈{1,2,...,K}

akh(x, ξ) − bk = max
k∈{1,2,...,K},l∈{1,2,...,L}

akhl(x, ξ) − bk ,

with each pieceakhl(x, ξ) − bk of h̄(x, ξ) being concave inξ sinceak ≥ 0. A super-

gradient for each of them can also be generated efficiently using a super-gradient for

hl(x, ξ). Similarly for Assumption 3.3.2, we can confirm that, being the maximum of

convex functions,̄h(x, ξ) is convex inx and that a sub-gradient inx can be generated by
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scaling the sub-gradient ofh(x, ξ) by ak∗ wherek∗ is the index that achieves the maximum

at (x, ξ). �

This corollary reveals two interesting facts about the problem of expected utility maxi-

mization under distribution uncertainty. First, its distributionally robust form can often be

solved in polynomial time using a cutting plane method. Second, the solution of this robust

form has tangible guarantees in a data-driven problem giventhat the confidence regions

developed in Chapter 2 are used to constructD1.

3.7 Implications for Conditional Value-at-Risk Minimiza-

tion

Conditional value-at-risk, also called mean excess loss, was recently introduced in the

mathematical finance community as a risk measure for decision making. It is closely related

to the more common value-at-risk measure, which for a risk tolerance level ofϑ ∈ (0, 1)

evaluates the lowest amountτ such that with probability1 − ϑ, the loss does not exceed

τ . Instead, CVaR evaluates the conditional expectation of loss above the value-at-risk. In

order to keep the focus of our discussion on the topic of DRSP models, we refer the reader

to [49] for technical details on this subject. CVaR has gained a lot of interest in the commu-

nity because of its attractive computational properties. For instance, [49] demonstrated that

one can evaluate theϑ-CVaR[c(x, ξ)] of a cost functionc(x, ξ), where the random vector

ξ is distributed according toF , by solving a convex minimization problem:

ϑ-CVaRF [c(x, ξ)] = min
λ∈R

λ+
1

ϑ
E F

[

(c(x, ξ) − λ)+
]

,

where(y)+ = max{y , 0} and the notationϑ-CVaRF [·] emphasizes the fact that the mea-

sure depends on the distribution ofξ.

While CVaR is an interesting risk measure, it still requiresthe decision maker to commit

to a distributionF . This is a step that can be difficult to take in practice; thus,justifying the

introduction of a distributionally robust version of the criterion such as in [61] and in [66].

Using the results presented earlier, we can derive new conclusions for the general form of

robust conditional value at risk. Given that the distribution is known to lie in a distributional
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setD1, let the Distributionally Robustϑ-CVaR Problem be expressed as:

(DR ϑ-CVaR) minimize
x∈X

(

max
F∈D1

ϑ-CVaRF [c(x, ξ)]

)

.

By the equivalence statement presented above, this problemis equivalent to the form

minimize
x∈X

(

max
F∈D1

(

min
λ∈R

λ+
1

ϑ
E F

[

(c(x, ξ) − λ)+
]

))

.

Given thatc(x, ξ) meets the conditions of Assumption 3.2.6 and Assumption 3.3.2, one

can show that the minimax theorem holds, formaxF∈D1 minλ∈R, since the functionλ +
1
ϑ
E F [(c(x, ξ) − λ)+] is real valued, convex inλ and concave (actually linear) inF , and

sinceD1 is weakly compact (see [53]). Thus, interchanging themaxF andminλ operators

leads to an equivalent formulation of the DRϑ-CVaR Problem:

minimize
x∈X ,λ∈R

(

max
F∈D1

E F [h(x, λ, ξ)]

)

,

whereh(x, λ, ξ) = λ+ 1
ϑ
(c(x, ξ) − λ)+. Since

h(x, λ, ξ) = λ+
1

ϑ
max { 0 , c(x, ξ) − λ }

= max

{

λ , max
k

(

1 − 1

ϑ

)

λ+
1

ϑ
ck(x, ξ)

}

,

it is clear thath(x, λ, ξ) meets Assumption 3.2.6 and Assumption 3.3.2. Hence, Proposi-

tion 3.3.3 allows us to conclude that finding an optimalx (and its associatedλ) with respect

to the worst case conditional value-at-risk over the set of distributionsD1 can be done in

polynomial time.

Remark 3.7.1 : In Theorem 1 of [5], the authors independently derived a similar result for

robust expected utility maximization, robust conditionalvalue at risk minimization, and an

extension to a special family of risk measures known as optimized certainty equivalents.

That work specifically addresses the more restrictive classof two-stage stochastic linear
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problems discussed in Section 3.5 and assumes that the support of the distribution is un-

bounded and that the first and second moments are exactly known. Their result improves on

ours from a computational point of view since they reduce theproblem to a semi-definite

program. On the other hand, our result extends the range of applications for which the

distributionally robust model can be used. This is achievedboth in terms of richness in

the formulation of the objective and of richness of the distribution information that can be

accounted for, as will be shown next.

3.8 Beyond First and Second Moment Information

Solutions to distributionally robust optimization problem can be overly conservative when

the distributional set that is used only accounts for support, and first and second moment

information. We are about to present a class of distributional sets which can account for a

wider range of moment information while ensuring that the resulting decision model is still

tractable. The ultimate objective here is to allow the distributional set used by the DRSP

to account for as much of the information that is available and consequently obtain better

performing robust solutions.

In this section, we consider the family of distributional sets that can be represented in

the form

D2(S, {ψi, bi,Ki}L
i=1) =

{

F ∈ M
∣

∣

∣

∣

∣

P(ξ ∈ S) = 1

bi − E [ψi(ξ)] ∈ K∗
i , ∀ i ∈ {1, ..., L}

}

whereS ⊆ Rm is a closed convex set,M is the set of all probability measures on the

measurable space(S,B), with B the Borelσ-algebra onS, and, for eachi ∈ {1, ..., L},

ψi : Rm → Rpi is a real valued mapping,bi ∈ Rpi, Ki is a closed convex cone, andK∗
i is

its dual cone.2 We make the following assumption about each pair(ψi(ξ),Ki).

Assumption 3.8.1 :For each pair(ψi(ξ),Ki) involved in the description ofD2, the real

valued functiongi(zi, ξ) = zT

i ψi(ξ) is convex inξ for anyzi ∈ Ki. Furthermore, one can

2The dual of a cone is defined asK∗ = {z ∈ Rp|zTy ≥ 0 ∀y ∈ K}.
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in polynomial time :

1. evaluate the functiongi(zi, ξ)

2. find a sub-gradient ofgi(zi, ξ) in ξ

3. verify thaty ∈ Ki and if not generate a hyperplane that separatesy fromKi

4. verify thatz ∈ K∗
i and if not generate a hyperplane that separatesz from K∗

i .

We first confirm thatD2 is well behaved in the sense that one can efficiently find a

distribution in its interior.

Lemma 3.8.2: Given thatD2(S, {ψi, bi,Ki}L
i=1) satisfies Assumption 3.8.1, one can find a

distributionF0 that is in the strict interior ofD2 or conclude thatD2 is empty in polynomial

time inm.

The proof of this lemma is deferred to Appendix A.3 in order todescribe right away our

main result. Interestingly enough, one can actually extendthe computational results of

Section 3.3 to a distributionally robust optimization problem that uses a set in this very

general family of distributional sets.

Proposition 3.8.3 : Given that assumptions 3.2.4, 3.2.6, 3.3.1, 3.3.2, and 3.8.1 are satis-

fied, then the DRSP withD2({ψi, bi,Ki}L
i=1) can be solved in polynomial time.

Proof: After verifying thatD2 is non-empty with the help of Lemma 3.8.2, the proof of

this proposition follows similar steps as were used in proving Proposition 3.3.3. We first

derive the dual problem for the infinite dimensional problem,

maximize
F∈M

∫

S
h(x, ξ)dF (ξ)

subject to

∫

S
dF (ξ) = 1

bi −
∫

S
ψi(ξ)dF (ξ) ∈ K∗

i , ∀ i ∈ {1, ..., L} ,
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which takes the form of a semi-infinite linear conic problem

minimize
r,z1,z2,...,zL

L
∑

i=1

bT

i zi + r

subject to r ≥ max
ξ∈S

hk(x, ξ) −
L
∑

i=1

zT

i ψi(ξ) , ∀ k ∈ {1, 2, ..., K}

zi ∈ Ki , ∀ i ∈ {1, ..., L} ,

wherer ∈ R is the dual variable associated with the support constraint, and for eachi the

vectorzi ∈ Rpi is the dual vector associated with theith moment constraint.

We can easily show thath(x, ξ) and all functionsψi(ξ) areF -measurable for allF ∈
M since they are real valued functions and the support setS is bounded. Since there exists

anF0 in the interior ofD2, the weaker version of Proposition 3.4 in [53] does apply andwe

can conclude that there is no duality gap between the primal problem and its dual, and that

if the optimal value of the primal is finite then the set of optimal solutions to its dual must

be non-empty. The next step is to make the replacement of the inner problem in the DRSP.

minimize
x,r,z1,z2,...,zL

L
∑

i=1

bT

i zi + r

subject to r ≥ hk(x, ξ) −
L
∑

i=1

zT

i ψi(ξ) , ∀ ξ ∈ S , ∀ k ∈ {1, 2, ..., K}

zi ∈ Ki , ∀ i ∈ {1, ..., L} .

Similarly as was shown in the proof of Proposition 3.3.3, theellipsoid method can be

applied to this optimization problem and is guaranteed to produce anǫ-optimal solution in

polynomial time. This again relies on verifying feasibility of a candidate solution in two

steps. The first one consists of verifying the feasibility ofall thez’s with respect to their

respective coneKi by calling the oracles described in Assumption 3.8.1. Then,given that

thez’s are feasible, one can verify feasibility for the first set of constraints by solvingK

convex maximization problems of finite dimension using again the ellipsoid method. �

This last result allows a decision maker the opportunity to consider collecting a much

wider range of distribution information for the problem that he studies while preserving the
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computational advantages of a model that accounts only for the mean and the covariance

matrix. The following examples should provide valuable insights on the type of distribution

information that can be encoded through this framework.

Example 3.8.4: Any twice differentiable convex functionψ(ξ) withK1 = {y ∈ R|y ≥ 0}
leads to imposing an upper bound onE [ψ(ξ)] ≤ b. The pair(ψ(ξ),K1) satisfies As-

sumption 3.8.1 since∇2(y ψ(ξ)) = y∇2ψ(ξ) ≥ 0 ∀ y ∈ K1. In particular,ψ1(ξ) =

(ξ − µ0)
T
Σ

−1
0 (ξ − µ0) can be paired withK1 and anyb > 0.

Example 3.8.5: Consider pairingψ2(ξ) = vec
(

ξξT
)

withK2 =
{

y ∈ Rm2
∣

∣

∣
mat(y) � 0

}

,

where vec(A) : Rm×m → Rm2
and mat(x) : Rm2 → Rm×m are the matrix to vector and

vector to matrix conversion functions respectively. We canverify that this pair satisfies As-

sumption 3.8.1 since∇2(yTψ(ξ)) = mat(y) � 0 ∀y ∈ K2. Effectively, when combined

to a positive semi-definite matrixB, this pairing leads to a distributional set that imposes a

second moment constraint:E [ξξT] � B.

These two examples demonstrate that the setD1 is a special case of this new general

family of distributional set; specifically,

D1(S,µ0,Σ0, 0, 1) = D2(S, {(ψ1(ξ), 0,K1), (ψ2(ξ),Σ0 + µ0µ
T

0 ,K2)}) .

We now show examples that extend the theory to bounding higher orders ofξ.

Example 3.8.6 : For any parameterξj, we can pairψ(ξ) =









ξ4
j/12

ξ3
j /3

ξ2
j /2









with the cone

K =

{

y ∈ R3

∣

∣

∣

∣

∣

[

y1 y2

y2 y3

]

� 0

}

. This pairing satisfies Assumption 3.8.1 since

∂2

∂ξ2
j

yTψ(ξ) = y1ξ
2
j + 2y2ξj + y3 =





[

ξj

1

]T [

y1 y2

y2 y3

][

ξj

1

]



 ≥ 0 ∀y ∈ K .
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Such a choice forψ(ξ) andK leads to imposing a moment constraint of the form

E

[ [

ξ4
j /12 ξ3

j /6

ξ3
j /6 ξ2

j /2

] ]

� B .

Note that this moment constraint actually carries a lot of information about the random

variableξj. For instance, if the mean is also known to lie in[aj , bj ], then for any fixed

ξ̄ ∈ Rm it implies that

E [(ξj − ξ̄)4] = E [ξ4
j − 4ξ̄ξ3

j + 6ξ̄2ξ2
j − 4ξ̄3ξj + ξ̄4]

=

[

1

−ξ̄

]T

E

[ [

ξ4
j 2ξ3

j

2ξ3
j 6ξ2

j

] ][

1

−ξ̄

]

− 4ξ̄3E [ξj] + ξ̄4

≤ 12

[

1

−ξ̄

]T

B

[

1

−ξ̄

]

− 4aj ξ̄
3 + ξ̄4

Example 3.8.7 : For any parameterξj, we can impose a constraint on its first to2Kth

moments as follows. We pairψ : S → R2k−1 such thatψi(ξ) = ξi+1
j with

K =

{

y ∈ R2K−1

∣

∣

∣

∣

∣

∃X ∈ RK×K,X � 0 , yk =
∑

i,j:i+j=k+1

Xi,j/((k + 1)k) ∀ k
}

.

Such a pairing satisfies Assumption 3.8.1 since

∂2

∂ξ2
j

yTψ(ξ) =
2K
∑

k=2

k(k − 1)yk−1ξ
k−2
j =







































1

ξj

ξ2
j

...

ξK−1
j



















T

X



















1

ξj

ξ2
j

...

ξK−1
j







































≥ 0 ∀y ∈ K .

Specifically, such a choice forψ(ξ) andK leads to imposing a moment constraint of the
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form

E

























ξ2

ξ3

...

ξ2K

























�K∗ B ,

whereK∗ is the set of ally ∈ R2K−1 such that

























y1

2

y2

6

y3

12
...

yK

(K + 1)K
y2

6

y3

12

y4

20
...

yK+1

(K + 2)(K + 1)
y3

12

y4

20

y5

30
...

yK+2

(K + 3)(K + 2)

... ... ... ... ...
yK

(K + 1)K

yK+1

(K + 2)(K + 1)

yK+2

(K + 3)(K + 2)
...

y2K−1

2K(2K − 1)

























� 0 .

In general, given that one is interested in accounting for the moment of a mapping

ψ : Rm → Rp, Assumption 3.8.1 should be interpreted as imposing that the uncertainty

set forE [ψ(ξ)] needs to be relaxed to the dual of a coneK that satisfies two properties:

first, the coneK must have an efficient feasibility oracle, and second, the coneK must be a

subset of the cone{z ∈ Rp|zTψ(ξ) is convex inξ}. This was achieved in the last example

for constraining the moments of each variable. We conjecture that one should be able to

exploit further the theory of sum of squares to define such a cone in the more general case

where the mapping involves a joint moment of order higher than two (see [48] for more

information on this theory).

3.9 Conclusion

In this chapter, we described the computational difficulties related to solving the DRSP

problem. We first showed that, when the distributional set takes the form described by

D1, the problem can be solved in polynomial time for a large range of objective functions.

In light of the new confidence regions presented in Chapter 2,we were able to propose

a framework which generates solutions with strong probabilistic guarantees to problems
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where the knowledge of the parameters is limited to a set of historical samples drawn

identically and independently from the same distribution.In our discussion about two-

stage stochastic linear problems, we also confirmed that onecould exploit the structure

of the problem he is addressing to reduce the complexity of finding this robust solution.

The analysis also seems to indicate that, when one truly seeks the solution that accounts

for exact knowledge of the moments, usingD1 with γ1 = 0 andγ2 = 1 either leads to

the right solution if the true problem is in fact tractable, and otherwise finds in polynomial

time a solution that is slightly more robust than needed. We then discussed the implications

of our results for two commonly used risk-adjusted objectives that are centered around a

subjective distribution and allowed these to be used in a context where one cannot commit

to such a distribution. Our final theoretical contribution was to extend our distributional set

to account for a much larger range of statistics. We believe this should allow practitioners

to account more accurately for the distribution information that they have in hand when

formulating a distributionally robust optimization problem.



Chapter 4

Applications of Distributionally Robust

Optimization

Since the distributionally robust framework discussed in Chapter 3 only imposes weak

conditions on the objective function of the decision problem, it is possible to revisit many

interesting forms of stochastic programs and reformulate them taking into account distri-

bution and moment uncertainty. In this chapter, we considerthree specific problems that

can benefit from the application of our method: a Chebyshev inequality type problem, a

stochastic fleet mix optimization problem and a portfolio selection problem. In the case

of portfolio selection, we will provide empirical evidencethat our distributionally robust

approach addresses more effectively the true uncertainty that is present in the daily return

of stocks.

4.1 Optimal Inequalities in Probability Theory

Consider the problem of finding a tight upper bound onP(ξ ∈ C) for a random vector

ξ with known mean and covariance matrix, and some closed setC. By formulating this

problem as a semi-infinite linear program:

maximize
F∈D

∫

S
11{ξ ∈ C}dF (ξ) , (4.1)

50
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many have proposed methods to provide extensions to the popular Chebyshev inequality

(see [38] and [6]). However, these methods fail when dealingwith support constraints.

More specifically, ifC is a finite union of disjoint convex sets, it is known that for Prob-

lem (4.1) with unconstrained support,S = Rm, the worst case value can be found in

polynomial time. But, if the support is constrained, such asS = R+, then the problem is

known to potentially be NP-hard. In fact, the hardness of this problem arises already in

finding a distribution that is feasible.

Our framework recommends to relax the restrictions on the covariance matrix ofξ and

consider the distributional setD1(S,µ0,Σ0, γ1, γ2). Such a distributional set constrains

all three types of statistics: support, mean and second moment matrix. If C is a finite

union of disjoint convex setsCk (equipped with their respective feasibility oracle), and if

for eachk, Ck ∩ S 6= ∅, then our framework leads to a new Chebyshev inequality thatcan

be evaluated in polynomial time. First, in our framework theproblem of finding aF ∈ D1

is already resolved using the Dirac measureδµ0
. We can also construct anh(x, ξ) that

satisfies Assumption 3.2.6 and Assumption 3.3.2 by lettingh0(x, ξ) = 0, and for allk 6= 0

lettinghk(x, ξ) = 1 if ξ ∈ Ck andhk(x, ξ) = −∞ otherwise. Therefore, if the distribution

of ξ is known to be a member ofD1, then clearly

P(ξ ∈ C) = E [11{ξ ∈ C}] = E [max
k

hk(x, ξ)] = E [h(x, ξ)] ≤ max
F∈D1

E F [h(x, ξ)] ,

and a tight Chebyshev bound can be found in polynomial time. Note that by using the form

D1(R+,µ,Σ, 0, 1) one can also provide useful upper bounds to the mentioned NP-hard

version of the problem which assumes a known covariance matrix.

4.2 Stochastic Fleet Mix Optimization Problems

As discussed in [35], a stochastic fleet mix optimization problem considers the decisions

that an airline company must take when composing a fleet of aircraft for the service of some

future flights. As these decisions are typically made ten to twenty years ahead of time, it

involves a lot of uncertainty with respect to the profits thatwill be generated from any

given portfolio of aircraft. It is therefore natural to formulate this problem as a stochastic
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mixed integer linear program with recourse actions. More specifically, the problem takes

the following shape

maximize
x≥0

E [ρ(x, p̃, c̃, l̃)] ,

wherex ∈ Rn1 is a vector describing how many aircraft of each type is acquired by the

airline, ρ(x, p̃, c̃, l̃) is a function that computes the future weekly profits generated from

the chosen fleet, and̃p, c̃, l̃ are some random profit parameters which will be described

shortly. In estimating future revenues and costs, the modelassumes that the airline company

allocates flights to aircraft in a way that is optimal with respect to actual expenses and

revenues. This gives rise to a second stage optimization model of the form

ρ(x, p̃, c̃, l̃) :=

maximize
z,w,y

∑

k

(

−okxk +
∑

i

p̃k
iw

k
i − c̃k(zk − xk)

+ + l̃k(xk − zk)
+

)

subject to
∑

k

wk
i = 1 , ∀i

∑

g∈in(v)

yk
g +

∑

i∈arr(v)

wk
i =

∑

g∈out(v)

yk
g +

∑

i∈dep(v)

wk
i , ∀k , ∀v

zk =
∑

v∈{v|time(v)=0}



yk
g∈out(v) +

∑

i∈dep(v)

wk
i



 , ∀k

zk ≥ 0 , yk
g ≥ 0 , wk

i ∈ {0, 1} , ∀k , ∀g , ∀i .

where each variablewk
i = 1 describes whether or not an aircraft of typek is assigned to

flight i, the vectorz ∈ Rn1 counts how many aircraft of each type are actually used by the

optimal flight assignment. The cost decomposes into the following sets of terms: the first

set denotes ownership cost, the second set denotes profits made from each flight, the third

set denotes rental costs for extra aircraft that are required by the assignment, and the last

set denotes profits made from leasing out the part of the fleet which is unused. Specifically,

ok is the deterministic ownership cost for an aircraft of typek, p̃k
i is the profit generated by

using aircraft of typek for flight i, c̃k is the cost of renting an aircraft of typek, andl̃k is

the revenue per aircraft of typek leased out. The general form of this problem considers
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p̃, c̃, andl̃ to be uncertain at the time of composing the original mix since they depend on

factors that can not be determined at the time of composing the fleet: demand for the flight,

price of gas, ticket price, crew cost, etc. Note that these factors are assumed to be resolved

when comes the time of making the allocation of aircraft.

Table 4.1: Example of flight schedule for a fleet mix optimization problem.

Flight ID From Departure Time To Arrival Time
#1 A t0 B t1
#2 B t1 A t2
#3 B t1 C t2
#4 A t2 B t3
#5 C t2 A t3

…

…

…

t0 t1 t2 t3
A

B

C

…

…

… y9

y8

y7

y5

y6

y4

y3

y2

y1

w5

w4

w3

w2w1

Figure 4.1: Flow graph associated with the flight schedule presented in Table 4.1.

The second stage aircraft allocation must satisfy some basic constraints. Typically, it

is enforced that each flight is serviced by an aircraft. More importantly, one must ensure

that in an allocation scheme the aircraft needed for a flight is actually present in the airport

at departure time. This gives rise to some constraints reminiscent of flow constraints in

network problems. The graph of flow constraints is derived from the schedule of flights.

Some variablesy are added to the problem formulation to allow an aircraft to stay in an

airport garage between flights. Figure 4.1 presents the graph corresponding to the simple

schedule presented in Table 4.1. The nodes of this graph are indexed byv. The sets of

flight legs arriving to or departing from a nodev are referred to as “arr(v)” and “dep(v)”

respectively while the sets of ground legs incoming to and outgoing from an airport at time

v are referred to as “in(v)” and “out(v)” respectively
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The stochastic fleet mix optimization problem is an excellent example of a two-stage

decision model where the uncertainty is limited to the second stage cost, while the sec-

ond stage feasible set is deterministic. This is due to the assumption that the scheduling

of flights has been completed prior to composing the originalfleet mix. To the best of

our knowledge, the following results consider for the first time the distributionally robust

version of this problem. Note that for ease of notation we will considerp̃ andw to be

in vector form such that̃pTw =
∑

i,k p̃
k
iw

k
i . For clarity, we also construct the aggregated

vector of uncertain parametersξ = [p̃T, c̃T, l̃
T

]T and assume that our uncertainty in the dis-

tribution of these parameters is represented using the distributional setD1(S, µ̂, Σ̂, γ1, γ2),

for someµ̂ = [p̂T, ĉT, l̂
T

]T which uses some estimatesp̂, ĉ, and l̂ of the mean of each

parameters, and an estimateΣ̂ of the covariance matrix ofξ. Whenµ̂ andΣ̂ are point

estimates, the theory developed in Section 3.4 can be used tojustify the size ofγ1 andγ2.

The distributional setD2 can also allow the decision maker to account more specifically

for the information that he has about future outcomes. By using our framework, he gets the

added benefit that the DRSP is often much simpler to solve thanits stochastic version.

Proposition 4.2.1 : The DRSP for fleet mix optimization problem with known mean

maximize
x≥0

min
F∈D1(S,µ̂,Σ̂,0,γ2)

E F [ρ(x, p̃, c̃, l̃)] ,

whereF refers to the joint distribution ofξ = [p̃T, c̃T, l̃
T

]T reduces to the deterministic

mixed integer linear program

maximize
x,w,y

∑

k

−okxk +
∑

i,k

p̂k
iw

k
i

subject to
∑

k

wk
i = 1 , ∀i

∑

g∈in(v)

yk
g +

∑

i∈arr(v)

wk
i =

∑

g∈out(v)

yk
g +

∑

i∈dep(v)

wk
i , ∀k , ∀v

xk =
∑

v∈{v|time(v)=0}



yk
g∈out(v) +

∑

i∈dep(v)

wk
i



 , ∀k

xk ≥ 0 , yk
g ≥ 0 , wk

i ∈ {0, 1} , ∀k , ∀g , ∀i .
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Proof: To show this result one simply needs to first realize thatρ(x, p̃, c̃, l̃) is jointly con-

vex in p̃, c̃, and l̃ thus h(x, p̃, c̃, l̃) = −ρ(x, p̃, c̃, l̃) is jointly concave in those same

parameters. One can then use the arguments presented in the proof of Proposition 3.5.2 to

show that it is also the case here that

min
F∈D1(S,µ̂,Σ̂,0,γ2)

E F [ρ(x, p̃, c̃, l̃)] = ρ(x, p̂, ĉ, l̂) .

Thus, we can join the two stages of maximization problems. Under the assumption that

l̂k ≤ ok ≤ ĉk for all k, one can show thatz∗ is necessarily equal tox∗ since there is no

more need to take recourse actions. The problem therefore reduces to the form presented

in the proposition. �

In practice, it is also common to consider a relaxation of thesecond stage problem

which replaces the binary constraints on the terms ofw by the constraint that they lie in

the interval from zero to one:

∀ i, ∀ k : wk
i ∈ {0, 1}  wk

i ∈ [0, 1] .

This leads to an approximation of the profit function, referred to asρ̄(x, p̃, c̃, l̃), that is

amenable to convex optimization solution techniques. Yet,minimizing E [ρ̄(·, p̃, c̃, l̃)] re-

mains computationally challenging because of the size of the second stage problem. A

corollary of Proposition 3.5.2 describes how the computational burden can be reduced by

considering distributional robustness.

Corollary 4.2.2 : Let Eµ be the ellipsoidEµ = {µ ∈ Rn2 |(µ − µ̂)T
Σ̂

−1
(µ − µ̂) ≤ γ1}

and satisfyEµ ⊆ S. Then the distributionally robust problem

maximize
x≥0

min
F∈D1(S,µ̂,Σ̂,γ1,γ2)

E F [ρ̄(x, p̃, c̃, l̃)]

reduces to a second-order cone program.

It is also possible to encode risk averseness in the stochastic fleet mix optimization

problem by solving an expected utility maximization problem. Based on Corollary 3.6.1,

we know that if the utility function is piecewise linear, then the problem is necessarily
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tractable. Moreover, as mentioned in Remark 3.7.1, the authors of [5] showed in some

work performed independently from ours how the distributionally robust form of a problem

like the stochastic fleet mix optimization model with relaxed binary constraints and with

an expected utility objective can be reduced to a semi-definite program. This connection

between robust expected utility and semi-definite programming is actually directly related

to the reductions that we present in the next section which addresses portfolio selection

problems.

4.3 Portfolio Selection Problems

We now apply our framework to an instance of portfolio optimization. In such a problem,

one is interested in maximizing his expected utility obtained from the single step return

of his investment portfolio. Given thatn investment options are available, expected utility

can be defined asE [u(ξTx)], whereu(·) is a non-decreasing utility function andξ ∈
Rn is a random vector of rates of return on investment for the different options. In the

robust approach to this problem, one defines a distributional setD that is known to contain

the distributionF and chooses the portfolio which is optimal according to the following

Distributionally Robust Portfolio Optimization model:

(DRPO) maximize
x

min
F ∈ D

E F [u(ξTx)] (4.2a)

subject to
n
∑

i=1

xi = 1 , x ≥ 0 . (4.2b)

In [45], the author addressed the case of Problem (4.2) whereE [ξ] and whereE [ξξT]

are known exactly and one considersD to be the set of all distributions with such first and

second moments. Based on these assumptions, the author presents a parametric quadratic

programming algorithm that is efficient for a large family ofutility functionsu(·). This ap-

proach is interesting since it provides the means to take into account uncertainty in the form

of the distribution of returns. However, our experiments show that in practice it is highly

sensitive to the noise in the empirical estimation of these moments (see Section 4.4). The
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proposed algorithm also relies on solving a one-dimensional non-convex mathematical pro-

gram; thus, there are no guarantees of finding a near optimal solution in polynomial time.

Although the approach that we are about to propose addressesa smaller family of utility

functions, it will take into account moment uncertainty andwill lead to the formulation of

a semi-definite program, which can be solved efficiently using interior point methods.

In [27], the authors attempt to account for moment uncertainty in Markowitz models.

Their motivation is closely aligned with ours and many of thetechniques that they propose

can be applied in our context:e.g., the use of factor models to reduce the dimensionality of

ξ. Similarly, the results presented in Chapter 2 for a data-driven framework should extend

easily to the context of Markowitz models. Because Problem (4.2) reduces to a Markowitz

model when the utility function is quadratic and concave, weconsider our model to be

richer than the one considered in [27]. On the other hand, a robust Markowitz model

typically gives rise to a problem that is simpler to solve.

4.3.1 Portfolio Optimization with Moment Uncertainty

In order to apply our framework, we make the assumption that the utility function is piece-

wise linear and concave, such thatu(y) = mink∈{1,2,...,K} aky + bk with ak ≥ 0. This

assumption is not very limiting since most interesting utility functions are concave and

can usually be approximated accurately using simple piecewise linear functions. We use

historical knowledge of investment returns{ξ1, ξ2, ..., ξM} to define a distributional un-

certainty set forF . This is done using the setD1(S, µ̂, Σ̂, γ1, γ2) where µ̂ and Σ̂ are

assigned as the empirical estimates of the meanµ̂ = M−1
∑M

i=1 ξi and covariance matrix

Σ̂ = M−1
∑M

i=1(ξi − µ̂)(ξi − µ̂)T of ξ respectively.1 We consider two options for the

choice ofS: eitherS = Rn, or an “ellipsoidal” setS = {ξ|(ξ−ξ0)
T
Θ(ξ−ξ0) ≤ 1}, with

ξT
Θξ > 0 for someξ ∈ Rn.

Building on the results presented in Chapter 3, one can make the following statement

about the tractability of the DRPO model.

Theorem 4.3.1 : Given thatu(·) is piecewise linear concave and thatX satisfies Assump-

tion 3.3.1, finding an optimal solutionx ∈ Rn to the DRPO model, Problem(4.2), equipped

1One should also verify that̂Σ ≻ 0.
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with the set of distributionsD1(S, µ̂, Σ̂, γ1, γ2) can be done inO(n6.5).

Proof: We first reformulate Problem (4.2) as a minimization problem :

minimize
x∈X

(

max
F ∈ D1(S,µ̂,Σ̂,γ1,γ2)

E F [max
k

−akξ
Tx− bk]

)

.

After confirming thatS, with Θ � 0, satisfies the weaker version of Assumption 3.2.4 (see

Remark 3.3.5) and thath(x, ξ) = maxk −akξ
Tx − bk satisfies Assumption 3.2.6 and As-

sumption 3.3.2, a straightforward application of Proposition 3.3.3 shows that Problem (4.2)

can be solved in polynomial time. In order to get a more precise computational bound, one

needs to take a closer look at the dual formulation presentedin Lemma 3.2.2 and its proof

in Appendix A.1, and exploit the special structure ofh(x, ξ) in Problem (4.2):

minimize
x,Q,q,r ,P ,p,s

γ2(Σ̂ •Q) − µ̂TQµ̂+ r + (Σ̂ • P ) − 2µ̂Tp+ γ1s (4.3a)

subject to

[

P p

pT
s

]

� 0 , p = −q/2 −Qµ̂ , Q � 0 (4.3b)

ξTQξ + ξTq + r ≥ −akξ
Tx− bk , ∀ξ ∈ S, k ∈ {1, 2, ..., K} (4.3c)

n
∑

i=1

xi = 1 , x ≥ 0 . (4.3d)

Given thatS = Rn, one can use Schur’s complement to replace Constraint (4.3c) by an

equivalent linear matrix inequality:

minimize
x,Q,q,r ,P ,p,s

γ2(Σ̂ •Q) − µ̂TQµ̂+ r + (Σ̂ • P ) − 2µ̂Tp+ γ1s

subject to

[

P p

pT
s

]

� 0 , p = −q/2 −Qµ̂
[

Q q/2 + akx/2

qT/2 + akx
T/2 r + bk

]

� 0 , ∀k

n
∑

i=1

xi = 1 , x ≥ 0 .

On the other hand, ifS is “ellipsoidal” andΘ has at least one positive eigenvalue, then
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the S-Lemma (cf ., Theorem 2.2 in [44]) can be used for any givenk ∈ {1, ..., K} to replace

Constraint (4.3c) and reformulate the problem as a semi-definite program:

minimize
x,Q,q,r ,P ,p,s,τ

γ2(Σ̂ •Q) − µ̂TQµ̂+ r + (Σ̂ • P ) − 2µ̂Tp+ γ1s

subject to

[

P p

pT
s

]

� 0 , p = −q/2 −Qµ̂ , Q � 0

[

Q 1
2
(q + akx)

1
2
(q + akx)T

r + bk

]

� −τk
[

Θ −Θξ0

−ξT

0 Θ ξT

0 Θξ0 − 1

]

, ∀k

τk ≥ 0 ∀k
n
∑

i=1

xi = 1 , x ≥ 0 ,

whereτ ∈ RK is an extra vector of optimization variables.

In both cases, the optimization problem that needs to be solved is a semi-definite pro-

gram. It is well known that an interior point algorithm can beused to solve an SDP of the

form

minimize
x∈Rñ

cTx

subject to Ai(x) � 0 , ∀ i ∈ {1, 2, ..., K̃}

in O

(

(

∑K̃
i=1 m̃i

)0.5 (

ñ2
∑K̃

i=1 m̃
2
i + ñ

∑K̃
i=1 m̃

3
i

)

)

, wherem̃i stands for the dimension

of the positive semi-definite cone (i.e., Ai(x) ∈ Rm̃i×m̃i) (see [42]). In both SDPs that

interest us, one can show thatñ ≤ n2 + 4n+ 2 +K and that both problems can be solved

in O(K3.5n6.5) operations, withK being the number of pieces in the utility functionu(·).
We conclude that the portfolio optimization problem can be solved inO(n6.5). �

The results presented in Theorem 4.3.1 are related to [7] where the authors proposed

semi-definite programming models for solving moment problems that are similar to the

one present in the objective of the DRPO. However, notice howour SDP models actually

address the more involved problem of making optimal robust decisions and do not result

in a heavier computational load. It is also the case that our proposed SDP models con-

sider a more practical set of distributions which accounts for mean and covariance matrix
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uncertainty (in the form of a linear matrix inequality) and support information.

Remark 4.3.2 : The computational complexity presented here is based on general theory

for solving semi-definite programs. Based on an implementation that uses SeDuMi ([60]),

we actually observed empirically that complexity grows in the order ofO(n5) for dense

problems. In practice, one may also be able to exploit structure in problems where subsets

(or linear combinations) of assets are known to behave independently from each other.

Remark 4.3.3: Recently, we became aware of independent work presented in [40], which

also addresses the computational difficulties related to the method proposed by Popescu.

Their work is closely related to this result. Actually, for the case of unbounded support,

their derivations lead to a further reduction of the DRPO model with known moments to

the form of a second-order cone program. On the other hand, they do not consider support

constraints and do not study the effect of moment uncertainty on the performance of a

portfolio. Their approach is therefore susceptible, in practice, to the same deficiencies as

Popescu’s method when the moments are estimated using historical data.

4.3.2 A Case of Worst Distribution with Largest Second Moment Ma-

trix

When presenting our distributionally robust framework, weargued in Remark 3.1.1 that

a positive semi-definite lower bound on the centered second moment matrix was unin-

teresting. Actually, in the case of a portfolio optimization problem with piecewise linear

concave utility function, the argument can be made more formally. The proof of the follow-

ing proposition also provides valuable insights on the structure of a worst case distribution

for the distributionally robust portfolio optimization problem.

Proposition 4.3.4 : The distributionally robust portfolio optimization problem with piece-

wise linear concave utility and no support constraint on thedistribution is an instance of

Problem(3.7)where Constraint(3.4c)of its inner moment problem is tight for a worst case

distribution.
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Proof: Consider the inner problem of our robust portfolio optimization with unconstrained

support for the distribution:

max
F ∈ D1(Rn,µ̂,Σ̂,0,γ2)

E F [max
k

−akξ
Tx− bk] . (4.4)

For simplicity, we consider that there is no uncertainty in the mean of the distribution (i.e.,

γ1 = 0); thus, Constraint (3.4c) reduces to an upper bound on the covariance matrix ofξ.

The dual of this problem can be shown to reduce to:

minimize
Q,q,r

(Σ̂ •Q) + µ̂TQµ̂+ µ̂Tq + r

subject to

[

Q q/2 + akx/2

qT/2 + akx
T/2 r + bk

]

� 0 , ∀ k ∈ {1, 2, ..., K} .

Applying duality theory a second time leads to formulating anew equivalent version of the

primal problem, which by strong duality achieves the same optimum:

maximize
{(Λk,λk,νk)}K

k=1

K
∑

k=1

akx
Tλk + νkbk (4.5a)

subject to
K
∑

k=1

Λk � γ2Σ̂ + µ̂µ̂T (4.5b)

K
∑

k=1

λk = µ̂ ,

K
∑

k=1

νk = 1 (4.5c)

[

Λk λk

λT

k νk

]

� 0 ∀ k ∈ {1, 2, ..., K} . (4.5d)

We can show that there always exists an optimal solution suchthat Constraint (4.5b) is

satisfied with equality. Given an optimal assignmentX∗ = {(Λ∗
k,λ

∗
k, ν

∗
k)}K

k=1 such that

∆ = γ2Σ̂ + µ̂µ̂T −∑K
k=1 Λ

∗
k � 0, consider an alternate solutionX ′ = {(Λ′

k,λ
′
k, ν

′
k)}K

k=1

which is exactly the same as the original solutionX∗ except forΛ′
1 = Λ

∗
1 + ∆. Obviously

the two solutions achieve the same objective values since{(λ∗
k, ν

∗
k)}K

k=1 and{(λ′
k, νk)}K

k=1

are the same. If we can show thatX ′ is also feasible then it is necessarily optimal. The
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only feasibility constraint that needs to be verified is the following:

[

Λ
′
1 λ′

1

λ′T
1 ν ′1

]

=

[

Λ
∗
1 λ∗

1

λ∗
1
T ν∗1

]

+

[

∆ 0

0 0

]

� 0 ,

and is necessarily satisfied since by definitionX∗ is feasible and by construction∆ is

positive semi-definite. It is therefore the case that there exists a solutionX∗ that is optimal

with respect to Problem (4.5) and satisfies Constraint (4.5b) with equality. Furthermore,

one is assured that
∑K

k=1 akx
Tλ∗

k + ν∗kbk is equal to the optimal value of Problem (4.4).

After assuming without loss of generality that allν∗k > 0, let us now constructK

random vectors{ζ1, ζ2, ..., ζK} that satisfy the following conditions:

E [ζk] =
1

ν∗k
λ∗

k , E [ζkζ
T

k ] =
1

ν∗k
Λ

∗
k .

Note that sinceX∗ satisfies Constraint (4.5d), we are assured that

E [ζkζ
T

k ] − E [ζk]E [ζk]
T =

[

I

−E [ζk]
T

]T [

E [ζkζ
T

k ] E [ζk]

E [ζk]
T 1

][

I

−E [ζk]
T

]

=

[

I

−E [ζk]
T

]T [

1
νk

Λ
∗
k

1
νk
λ∗

k

1
νk
λ∗

k
T 1

][

I

−E [ζk]
T

]

=
1

ν∗k

[

I

−E [ζk]
T

]T [

Λ
∗
k λ∗

k

λ∗
k
T ν∗k

][

I

−E [ζk]
T

]

� 0 .

Hence, such random vectors{ζ1, ζ2, ..., ζK} exist. For instance, ifE [(ζk − E [ζk])(ζk −
E [ζk])

T] ≻ 0, thenζk can take the form of a multivariate Gaussian distribution with such

mean and covariance matrix. Otherwise, one could constructa lower dimensional random

vector; in particular, ifE [(ζk − E [ζk])(ζk − E [ζk])
T] = 0 then the random vector could

have the Dirac measureδE [ζk] as a distribution.

Let k̃ be a discrete random variable that follows a distribution with parameters(ν∗1 , ν
∗
2 ,

..., ν∗K), such thatP(k̃ = i) = ν∗i , and use it to construct the random vectorξ = ζ k̃.

SinceX∗ satisfies Constraint (4.5b) and Constraint (4.5c) tightly,one can show that the
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distribution function ofξ∗ lies inD(Rn, µ̂, Σ̂, 0, γ2) and has largest covariance.

E [ξ∗] =

K
∑

k=1

E [ζk|k̃ = k]P(k̃ = l) =

K
∑

k=1

1

ν∗k
λ∗

kν
∗
k = µ̂

E [ξ∗ξ∗T] =
K
∑

k=1

E [ζkζ
T

k |k̃ = k]P(k̃ = l) =
K
∑

k=1

1

ν∗k
Λ

∗
kν

∗
k = γ2Σ̂ + µ̂µ̂T

Moreover, when used as a candidate distribution in Problem (4.4) it actually achieves the

maximum since we can show that it must be greater or equal to it.

E
[

max
l

−alx
Tξ∗ − bl

]

=
K
∑

k=1

E
[

max
l

−alx
Tζ k̃ − bl

∣

∣

∣
k̃ = k

]

P(k̃ = k)

≥
K
∑

k=1

E [−akx
Tζk − bk]P(k̃ = k) =

K
∑

k=1

−akx
Tλ∗

k − bkν
∗
k

= max
F ∈ D1(Rn,µ̂,Σ̂,0,γ2)

E F [max
k

−akx
Tξ − bk]

We therefore constructed a worst case distribution that haslargest covariance. �

An interesting consequence of Proposition 4.3.4 is that in the framework considered

in [45], if the utility function is piecewise linear concave, one can find the optimal port-

folio in polynomial time using our semi-definite programming formulation with the dis-

tributional setD1(Rn, µ̂, Σ̂, 0, 1). Theoretically, our formulation is more tractable than

the method proposed in [45]. However, it is true that our framework does not provide a

polynomial time algorithm for the larger range of utility functions considered in [45].

4.4 Experiments with Historical Stock Data

We evaluate our portfolio optimization framework using a historical data set of 30 assets

over a horizon of 15 years (1992-2007), obtained from the Yahoo! Finance web site.2 Each

experiment consists of randomly choosing 4 assets, and building a dynamic portfolio with

2The list of assets that is used in our experiments was inspired by [27]. More specifically, the 30 assets are:
AAR Corp., Boeing Corp., Lockheed Martin, United Technologies, Intel Corp., Hitachi, Texas Instruments,
Dell Computer Corp., Palm Inc., Hewlett Packard, IBM Corp.,Sun Microsystems, Bristol-Myers-Squibb,
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these assets through the years 2001-2007. At any given day ofthe experiment, the algo-

rithms are allowed to use a period of 30 days from the most recent history to select the

portfolio. All methods assume that in this period the samples are independent and iden-

tically distributed. Note that 30 samples of data might be insufficient to generate good

empirical estimates of the mean and covariance matrix of returns; however, using a larger

history would make the assumption of independent and identical samples somewhat unre-

alistic.

In implementing our method, referred to as the DRPO model, the distributional set is

formulated asD1(R4, µ̂, Σ̂, 1.35, 8.32), whereµ̂ andΣ̂ are the empirical estimates of the

mean and covariance ofξ respectively. Due to the sample size being too small to use

γ̄1 and γ̄2 from Definition 3.4.1, instead these parameters are chosen based on a simple

statistical analysis of the amount of noise present in the estimation of mean and covariance

matrix during the years 1992-2001.3 We compare our DRPO model to the one proposed

by [45], where the mean and covariance of the distributionF is assumed to be equal to

the empirical estimates measured on the last 30 days. The method is also compared to

using a naive implementation of the stochastic program, referred to as the SP model, which

maximizes the average utility obtained over the last 30 daysof returns. We believe that the

statistics measured over a set of 300 experiments demonstrate how much there is to gain

in terms of average performance and risk reduction by considering an optimization model

that accounts for both distribution and moment uncertainty.

First, from the analysis of the daily returns generated by each method, one observes

that they achieve comparable average daily utility. However, our DRPO model stands out

as being more reliable. For instance, the lower 1st percentile of the utility distribution is

0.8% higher then the two competing methods. Also, this difference in reliability becomes

more obvious when considering the respective long term performances. Figure 4.2 presents

Applera Corp.-Celera Group, Eli Lilly and Co., Merck and Co., Avery Denison Corp., Du Pont, Dow Chem-
ical, Eastman Chemical Co., AT&T, Nokia, Motorola, Ariba, Commerce One Inc., Microsoft, Oracle, Aka-
mai, Cisco Systems, Northern Telecom, Duke Energy Company,Exelon Corp., Pinnacle West, FMC Corp.,
General Electric, ’Honeywell, Ingersoll Rand.

3More specifically, given that one chooses 4 stocks randomly and selects a period of 60 days between 1992
and 2001 randomly, the values forγ1 andγ2 are chosen such that when using the first 30 days of the period
to center the setD1(R4, µ̂, Σ̂, γ1, γ2), the distributional set contains, with 99% probability, distributions with
moments equal to the moments estimated from the last 30 days of the period.
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Figure 4.2: Comparison of wealth evolution in 300 experiments conducted over the years
2001-2007 using three different portfolio optimization models. For each model, the figures
indicate periodically the 10th and 90th percentile of the wealth distribution in the set of
experiments.

the average evolution of wealth on a six-year period when managing a portfolio of 4 assets

on a daily basis with any of the three methods. In Table 4.2, the performances over the

years 2001-2004 are presented separately from the performances over the years 2004-2007

in order to measure how they are affected by different levelsof economic growth. The fig-

ures also periodically indicate the 10th and 90th percentile of the wealth distribution over

the set of 300 experiments. The statistics of the long term experiments demonstrate em-

pirically that our method significantly outperforms the twoother ones in terms of average

return and risks during both the years of economic growth andthe years of decline. More

Table 4.2: Comparison of immediate and long term performance on 6 years of real stock
market data.

Single Day Utility Yearly Return Yearly Return
Method (2001-2007) (2001-2004) (2004-2007)

Avg. 1st perc. Avg. 10th perc. Avg. 10th perc.
Our DRPO model 1.000 0.983 0.944 0.846 1.102 1.025

Popescu’s DRPO model1.000 0.975 0.700 0.334 1.047 0.936
SP model 1.000 0.973 0.908 0.694 1.045 0.923
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specifically, our DRPO model outperformed Popescu’s DRPO model in terms of total re-

turn accumulated over the period 2001-2007 in 79.2% of our experiments (a total set of 300

experiments). Also, it performed on average at least 1.67 times better than any competing

model. Note that these experiments are purely illustrativeof the strengths and weaknesses

of the different models. For instance, the returns obtainedin each experiment do not take

into account transaction fees. The realized returns are also biased due to the fact that the as-

sets involved in our experiments were known to be major assets in their category in January

2007. On the other hand, the realized returns were also negatively biased due to the fact

that in each experiment the models were managing a portfolioof only four assets. Overall

we believe that these biases affected all methods equally.

4.5 Conclusion

In this chapter, we presented three applications that can benefit from our contribution to

the theory of distributionally robust optimization. In each of them, our work allowed the

models to account more accurately for the uncertainty that is inherently associated with

the problem. Specifically, in the optimal inequality problem we provided a tractable rep-

resentation of distribution uncertainty that allows for the first time to account for general

support information. On the other hand, in the fleet mix and portfolio selection problems,

we showed how accounting for uncertainty in the distribution can reduce both the compu-

tational burden of solving the stochastic program and the risks related to errors in the de-

sign or estimation of the probabilistic model. Our experiments with the portfolio selection

problem clearly exposed the risks and the responsibility related to choosing a probabilistic

model in practice. The performance of our framework with respect to the true underlying

distribution of daily returns on the stock market emphasized the need of using a decision

model that accounts for both uncertainty in the distributional form as well as uncertainty in

the estimation of moments. While in this chapter we restricted our analysis to cases where

only first and second moments are used, we believe that important improvements could be

obtained in all three applications by including more statistics of the joint distribution as

proposed in Section 3.8.



Chapter 5

A Bayesian View on Distribution

Uncertainty

In this chapter, we discuss methods for dealing with distribution uncertainty under the

Bayesian framework. We first describe how Bayesian inference can be used to represent

the decision maker’s subjective belief of what is the true distribution that generates the

evidence that is observed. We show how the distributionallyrobust model should be for-

mulated in order to provide a solution with the probabilistic guarantees that we now expect

from it. An important contribution of this work is to study the benefits and computational

difficulties related to using a percentile optimization problem that addresses more directly

these statistical objectives in this context. This analysis is actually performed on a special

class of stochastic programs known as Markov decision processes.

5.1 Introduction

An alternative framework for representing distribution uncertainty is to use Bayesian infer-

ence. In this framework, the decision maker needs to lay downa set of assumptions about

the random vectorξ. In general terms, he first needs to describe a set of hypotheses about

the nature of this distribution and then quantifies his levelof belief in each of these hy-

potheses before gathering any evidence. This is done through the formulation of a “prior”

67
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distribution over the set of hypotheses. Assuming that the process that generates observa-

tions of this random vector is well defined, the evidence can then be used directly to infer

a “posterior” distribution over the set of hypotheses. Specifically, one must define a set of

distribution hypotheses{Fθ}, indexed byθ ∈ Θ, and a prior measureG on the measurable

space(Θ,B) whereB is the Borelσ-algebra onΘ. Given that the probability of making

observationO given the true form ofF is also defined, then the posterior distribution can

be obtained using Baye’s rule:

G(θ|O) = P(F = Fθ|O) =
P(O|F = Fθ)P(F = Fθ)

P(O)
=

P(O|F = Fθ)G(θ)
∫

Θ
P(O|F = Fθ)dG(θ)

.

In the context of data-driven problems, the evidence is typically a set ofM samples

O = {ξi}M
i=1 drawn independently and identically fromF . In this case, the inference

equation takes the form

G(θ|O) =

∏M
i=1 Fθ(ξi)G(θ)

∫

Θ

∏M
i=1 Fθ(ξi)dG(θ)

.

In practice, it is convenient to use a set of hypotheses for which the conjugate prior is

known. This is a set{Fθ} for which we know of a formGφ, indexed byφ ∈ Φ, for the prior

distribution that is preserved through the inference operation:

G(θ|O) =

∏M
i=1 Fθ(ξi)Gφ1(θ)

∫

Θ

∏M
i=1 Fθ(ξi)dGφ1(θ)

= Gφ2(θ) ,

for someφ2 ∈ Φ. We present an example which involves a Bernoulli random variable and

refer the reader to [24] for more information on this topic.

Example 5.1.1: We consider the case of a Bernoulli random variable with unknown prob-

ability of successθ ∈ [0, 1] and its conjugate prior, the Beta distributionG(α,β)(θ) =

κ(α, β) θα−1(1 − θ)β−1 for someα andβ greater or equal to1, and some normalization

functionκ(α, β) which is known as one over the Beta function. One can verify that these
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are actually conjugate distributions since after observing k successes andM − k failures,

G(θ|O) =
θk(1 − θ)M−k G(α,β)(θ)

∫ 1

0
θk(1 − θ)M−k dG(α,β)(θ)

=
θk(1 − θ)M−k κ(α, β)θα−1(1 − θ)β−1

∫ 1

0
θk(1 − θ)M−k κ(α, β)θα−1(1 − θ)β−1dθ

= κ(α + k, β +M − k)θα+k−1(1 − θ)β+M−k−1

= G(α+k,β+M−k) .

Figure 5.1 provides the reader with more insights on how the knowledge of the distribution

is improved as more samples are drawn from this Bernoulli random variable.
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Figure 5.1: Posterior belief for the probability of successof a Bernoulli random variable
with 10% probability of success.

In what follows, we study both the formulation of a distributionally robust optimization

problem and the formulation of a percentile optimization problem which makes better use

of the Bayesian prior.
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5.2 Distributionally Robust Optimization with a Bayesian

Prior

Using Bayesian inference, we just saw how one can use evidence about a random vector

to formulate mathematically his posterior belief about thetrue distribution of this random

vector. In particular, after observingM samples drawn identically and independently from

F , this evidenceO = {ξi}M
i=1 is used to derive the posterior distributionG(θ|O). In order

to obtain equivalent guarantees as presented in Theorem 3.4.3 for the solution of our dis-

tributionally robust model, we need the distributional setD1 to contain the true distribution

F with high probability according toG(θ|O). While different methods can be used to do

so, we suggest the following one.

We first resolve the shape of the distributional set. This is done by drawingN samples,

N ≫ M , {θi}N
i=1 independently from the posterior distributionG(θ|O). For each of these

samples, we computeµi = E Fθi
[ξ] andΣi = E Fθi

[(ξ − µi)(ξ − µi)
T] to high accuracy

either analytically or through Monte-Carlo simulation. One can then formulate an estimate

of the expected mean of the distribution and expected covariance matrix:µ̂ = 1
N

∑N
i=1µi

andΣ̂ = 1
N

∑N
i=1 Σi. These are used to center the distributional setD1 and give the shapes

of the different moment uncertainty sets. It remains to choose the size of these sets. Using a

new set of samples{θi}N
i=1, one can re-evaluate a new random set of triplets{θi,µi,Σi}N

i=1

which are independent of our estimatesµ̂ andΣ̂. If N is large enough then choosing

γ̄1 = inf
t

{

t

∣

∣

∣

∣

∣

1

N

N
∑

i=1

11
{

(µi − µ̂)T
Σ̂

−1
(µi − µ̂) ≤ t

}

≥ 1 − δ/2

}

γ̄2 = inf
t

{

t

∣

∣

∣

∣

∣

1

N

N
∑

i=1

11
{

(ξ − µ̂)(ξ − µ̂)T ≤ tΣ̂
}

≥ 1 − δ/2

}

= inf
t

{

t

∣

∣

∣

∣

∣

1

N

N
∑

i=1

11
{

Σi + (µi − µ̂)(µi − µ̂)T ≤ tΣ̂
}

≥ 1 − δ/2

}

,

and choosingS such thatPFθ
(ξ ∈ S) = 1, ∀ θ ∈ Θ leads to a distributional setD1(S, µ̂, Σ̂,

γ̄1, γ̄2) that is known with high probability to contain the true distributionF that is associ-

ated withξ.
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Proposition 5.2.1: Given that∀ θ ∈ Θ, G(θ) is the probability thatF is equal toFθ before

any evidence is gathered about the distributionF and letO = {ξi}M
i=1 beM samples

generated independently at random according to the distribution F . For any δ > 0, if

assumptions 3.2.4, 3.2.6, 3.3.1, and 3.3.2 are satisfied then one can solve in polynomial

time the DRSP withD1(S, µ̂, Σ̂; γ̄1, γ̄2) as defined above. Furthermore, with probability

greater than1 − δ, we have that any optimal solutionx∗ of this DRSP will satisfy the

constraint

E [h(x∗, ξ)] ≤ Ψ(x∗; γ̄1, γ̄2) ,

whereE [·] is the expectation with respect to the true distributionF of ξ, andΨ(x∗; γ̄1, γ̄2)

is the optimal value of the DRSP.

Proof: This result follows simply from Proposition 3.3.3 and the fact that by the union

bound

PG

(

F ∈ D1(S, µ̂, Σ̂, γ̄1, γ̄2)
∣

∣

∣
O
)

= 1 − PG

(

F /∈ D1(S, µ̂, Σ̂, γ̄1, γ̄2)
∣

∣

∣
O
)

≥ 1 − PG

(

‖Σ̂−1/2
(E F [µ] − µ̂)‖2 > γ̄1

∣

∣

∣
O
)

− PG

(

E F [(ξ − µ̂)(ξ − µ̂)T] > γ̄2Σ̂

∣

∣

∣
O
)

≥ 1 − (1 − (1 − δ/2 − ǫ)) − (1 − (1 − δ/2 − ǫ)) = 1 − δ − 2ǫ ,

for anyǫ > 0 with high probability given thatN is large enough when selectingγ̄1 andγ̄2.

�

The distributionally robust optimization problem can therefore easily be modified to

account for a Bayesian prior. Unfortunately, a distributional setD1 that accounts simply for

support, mean and covariance matrix information might not fully exploit the richness of this

prior. For instance, it is common that a Bayesian prior will only consider distributions from

a given family (e.g., Gaussian distributions) yet this information is lost when formulating

D1. While this concern justifies the use of a richer distributional set (e.g., D2 presented in

Section 3.8), it is important to realize that exploiting a Bayesian prior to its full potential

might come at a heavy price if the prior is actually inaccurate. We therefore encourage

practitioners to use distributionally robust optimization to evaluate the sensitivity of the

solution to the level of assumptions that are made. In the remainder of this chapter, we

assume that the prior is accurate and propose a model that actually makes the optimal
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choice of distributional set with respect to both the prior knowledge and the objective that

is considered.

5.3 The Percentile Optimization Problem

Unlike the frequentist approach, the Bayesian framework makes the assumption that the

distributionF associated with the random vectorξ was drawn from a probability measureG
that is known. Intuitively, this means that we know that the probability thatF takes the form

Fθ is exactlyG(θ|O). For this reason, one might question ifD1 is the right distributional

set to use in order to achieve the desired probabilistic guarantees on the performance of the

solution. In fact, the Bayesian framework allows us to conceive the possibility of choosing

bothD andx optimally through an optimization problem of the form

minimize
x∈X ,D⊆M

max
F∈D

E F [h(x, ξ)] (5.1a)

subject to PG (Fθ ∈ D|O) ≥ 1 − δ , (5.1b)

wherePG(Fθ ∈ D|O) is measured with respect to drawingθ according to the distribution

G(θ|O). This chance constraint ensures thatD is chosen to satisfy the same probabilistic

properties as were satisfied by the setD1(S, µ̂, Σ̂, γ̄1, γ̄2) described in Section 5.2. After

presenting how Problem (5.1) can be reformulated as a percentile optimization problem,

we describe more formally how its solution improves upon thesolution from the DRSP

that was discussed earlier.

Lemma 5.3.1 : Problem(5.1) is equivalent to the following percentile optimization prob-

lem

minimize
x∈X ,y∈R

y (5.2a)

subject to PG ( y ≥ E Fθ
[h(x, ξ)] | O ) ≥ 1 − δ , (5.2b)

wherePG(·|O) is measured with respect to drawingθ according to the posterior distribu-

tion G(θ|O).
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Proof: To prove the equivalence of the two problems, we first insert the slack variabley

in Problem (5.1) to have its objective take the same form as the percentile optimization

problem:

minimize
x∈X ,D∈M,y∈R

y

subject to y ≥ max
F∈D

E Fθ
[h(x, ξ)]

PG (F ∈ D|O) ≥ 1 − δ

We can then show that any pair(x, y) that is feasible with someD according to this problem

is also feasible in the percentile optimization problem. Conversely, given any feasible pair

(x, y) for the percentile optimization problem, one can find a setD which makes the triplet

(x,D, y) feasible according to Problem (5.1). Since the two objective functions are the

same then the two problems are equivalent.

Thus, we only need to confirm the feasibility equivalence. First, given some triplet

(x,D, y) that we know is feasible for Problem (5.1), we know that thereexists a set̄Θ ⊆ Θ

such thatFθ ∈ D for all θ ∈ Θ̄ and thatPG(θ ∈ Θ̄|O) ≥ 1 − δ. One can then verify that

PG (y ≥ E Fθ
[h(x, ξ)]|O) ≥ PG

(

y ≥ E Fθ
[h(x, ξ)]

∣

∣θ ∈ Θ̄,O
)

PG(θ ∈ Θ̄|O)

≥ PG

(

y ≥ max
θ∈Θ̄

E Fθ
[h(x, ξ)]

∣

∣

∣

∣

θ ∈ Θ̄,O
)

(1 − δ)

≥ PG

(

y ≥ max
F∈D

E F [h(x, ξ)]

∣

∣

∣

∣

θ ∈ Θ̄,O
)

(1 − δ) = 1 − δ .

On the other hand, if we have a pair(x, y) that is feasible according to the percentile opti-

mization problem, then it must be that there is a setΘ̄ such thaty ≥ maxθ∈Θ̄ E Fθ
[h(x, ξ)]

andPG(θ ∈ Θ̄|O) ≥ 1 − δ. We can therefore construct a setD̄ = {Fθ|θ ∈ Θ̄} and be

assured thatPG(F ∈ D̄|O) ≥ 1 − δ. The setD̄ is therefore feasible according to Prob-

lem (5.1) and so arey andx since

y ≥ max
θ∈Θ̄

E Fθ
[h(x, ξ)] = max

F∈D̄
E Fθ

[h(x, ξ)] . �

Proposition 5.3.2: Given that∀ θ ∈ Θ, G(θ) is the probability thatF is equal toFθ before
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any evidence is gathered about the distributionF and thatO = {ξi}M
i=1 areM samples

generated independently at random according to the distributionF , then, with probability

greater than1− δ we have that an optimal solution pair(x∗, y∗) of Problem(5.2)satisfies

the constraint

E [h(x∗, ξ)] ≤ y∗ ≤ Ψ(x∗
DRSP; γ̄1, γ̄2) ,

whereE [·] is the expectation with respect to the true distributionF , andΨ(x∗
DRSP; γ̄1, γ̄2)

is the optimal value of the DRSP withD1(S, µ̂, Σ̂, γ̄1, γ̄2).

Proof: The probabilistic guarantees are a direct consequence of the chance constraint

which enforces thatPG(E [h(x∗, ξ)] ≤ y∗) ≥ 1−δ is satisfied. To show that the bounds ob-

tained from the percentile optimization problem improves on the bound obtained from the

distributionally robust model, one simply needs to observethat Problem (5.1) is a relaxation

of the DRSP withD1(S, µ̂, Σ̂, γ̄1, γ̄2) and exploit the relation presented in Lemma 5.3.1.

�

The percentile optimization problem presented in Problem (5.2) can actually be rec-

ognized as a member of chance-constrained problems which have been widely studied for

single-period optimization problems (e.g., in [13, 46]). Unfortunately, although concep-

tually these problems can lead to better performing solutions, they present a much harder

computational challenge. In addition to being infinite dimensional and non-convex, prob-

lems with chance constraints are suspected to be “severely computationally intractable” [41].

In what follows, we study in more depth how the computationalchallenge balances against

the performance benefits of this model for the special case ofa Markov decision process

with uncertainty in the model’s parameters.

5.4 Markov Decision Processes with Model Uncertainty

We consider an infinite horizon Markov Decision Process (MDP) that can be described as

follows: a finite state spaceS with |S| states, a finite action spaceAwith |A| actions, a tran-

sition probability matrixP ∈ R|S|×|A|×|S| with P(s,a,s′) = P(s′|s, a), an initial distribution

on statesP(x0 = i) = qi for someq ∈ R|S|, and a reward vectorr ∈ R|S|. In the context

of an infinite horizon MDP, one can choose to apply a mixed policy π, which is a mapping
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from the set of statesS to the probability simplex over the available actions. For reasons

of tractability, we limit our attention to the set of stationary Markov policies, which is de-

noted byΥ. When considering an infinite horizon, an optimal discounted reward stationary

policy π is the solution to the following optimization problem:

(Nominal MDP) maximize
π∈Υ

E P

[ ∞
∑

t=0

αtr(xt)

∣

∣

∣

∣

∣

x0 ∝ q, π
]

,

whereα ∈ [0, 1) is the discount factor, andr(i) is the reward obtained in statei, i.e.,

r(i) = ri. This problem is known to be easily solvable using value iteration (see [47]

and [3] for more details on the subject). However, this modeldoes not take into account

any uncertainty in the choice of the parametersP andr. Since the parameters of an MDP

are typically either estimated from data or learned from experience, it is not surprising that,

in some applications, unavoidable modeling uncertainty often causes the long term perfor-

mance of a strategy to significantly differ from the model’s predictions (refer to experiments

in [37]).

To date, most efforts have focused on the study of robust (i.e., distributionally robust)

MDPs (e.g., in [43, 31, 25]). In this context, under the assumption that the reward pa-

rameters and the transition probability parameters lie in their respective uncertainty sets,

one considers choosing the best strategy for the worst case realization of these parameters.

When the reward vectorr and the transition probability matrixP are known to lie in a set

R andP respectively, the robust problem thus becomes:

(Robust MDP) maximize
π∈Υ

min
P∈P,r∈R

E P

[ ∞
∑

t=0

αtr(xt)

∣

∣

∣

∣

∣

x0 ∝ q, π
]

.

The type of reward uncertainty that is considered here is also known asfixed uncertainty

since the reward vector is drawn once and remains fixed for alltime steps. It is a well

known fact that, ifR andP are convex sets then the optimal policyπ∗ for the Robust MDP

can be found efficiently (see [3] and [43]).

Given that one has formulated a Bayesian prior for the MDP, after performing Bayesian

inference, he can actually consider that the reward vectorr̃ and transition probability matrix
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P̃ are randomly drawn from their respective posterior probability distributionGr̃ andGP̃ .

Although confidence regions can be used to formulate the robust problem, it is more natural

to use a percentile based approach since the real concern is about the level of confidence

in the total cumulative reward and not in the location of the parameters themselves. In this

context, the percentile optimization problem takes the following Percentile MDP form:

maximize
y∈R,π∈Υ

y (5.3a)

subject to PG (E P̃ [
∑∞

t=0 α
tr̃(xt)|x0 ∝ q, π] ≥ y) ≥ 1 − δ , (5.3b)

where the probabilityPG is the probability of drawing the reward vectorr̃ from Gr̃ and the

transition probability matrixP̃ from GP̃ , and whereE P̃ [
∑∞

t=0 α
tr̃(xt)|x0 ∝ q, π] is the

expectation with respect to the random trajectory ofxt given a concrete realization of̃r

andP̃ , a policyπ, and a distributionq for the initial statex0. For a given policyπ, the

above percentile optimization problem gives us a1 − δ guarantee under the distribution of

r̃ andP̃ thatπ will perform better thany∗, the optimal value of Problem (5.3).1

In what follows, we will describe the spectrum of computational difficulties related to

solving the percentile criterion when it is applied to an MDPwith model uncertainty. For

completeness, we start by considering uncertainty in the rewards and show that, although

in one special case the Percentile MDP can be solved using a deterministic “second-order

cone program”, in general finding the optimal solution of thePercentile MDP is NP-hard.

We then address the more interesting question of uncertainty in the transition probabilities

of the Markov chain and present an approximation method for finding an optimal policy of

the Percentile MDP.

Notation

In this section, the following notation is used.1K is the vector of all ones inRK . For clarity,

Q(i,j) will refer to thei-th row,j-th column term of a matrixQ. Also, for the sake of simpler

linear manipulations, we will present a policyπ under its matrix formΠ ∈ R|S|×|S|×|A|,

such thatΠ(s1,s2,a) = π(s1, a)11{s1 = s2}. When this three dimensional matrix will be

1Note that [21] introduced the percentile criterion as a risk-adjusted performance measure for “average
reward” MDPs. However, their study did not address the question of parameter uncertainty.
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multiplied to another matrixQ ∈ R|S|×|A|×K, this will refer to a matrix multiplication

carried alongR|S|×(|S| |A|) × R(|S| |A|)×K, such that(ΠQ)(i,j) =
∑

(k,a) Π(i,k,a)Q(k,a,j). Note

that this formulation explicitly denotes the linear relation between the decision variableΠ

and the inferred transition probabilityP π, such that(ΠP )(i,j) = (P π)(i,j) = P(s′ = j|s =

i, a ∝ π(i)).

5.4.1 Decision making under uncertain reward parameters

First, the problem of reward uncertainty is addressed for a common family of distribution

functions, the multivariate Gaussian distributionr̃ ∝ N (µr̃,Σr̃). Under the assumption of

Gaussian rewards, solving the Percentile MDP is not considerably harder than solving the

Nominal MDP. However, we later prove that there exist distributions over the parameters

for which the percentile optimization problem becomes intractable.

Reward uncertainty with Gaussian distribution

The Gaussian assumption is standard in many applications asit allows to model the corre-

lation between the reward obtained in different states. Also, in the Bayesian framework it

is common to use a Gaussian prior, with parameters(µ0,Σ0), for r̃. Then, based on new

independent measurements of the rewards{r̂1, r̂2, ..., r̂M} that are corrupted with Gaus-

sian noise such that̂r = r̃ + ν with ν ∼ N (0,Σν), one can obtain an analytical posterior

over r̃. This posterior distribution also has the Gaussian shape with parameters (see [24]

for more details):

µ1 = Σ1

(

Σ
−1
0 µ0 + Σ

−1
ν

M
∑

i=1

r̂i

)

, Σ1 =
(

Σ
−1
0 +MΣ

−1
ν

)−1
.

Lemma 5.4.1: (Prékopa [46], Theorem 10.4.1) Supposeξ ∈ Rn has a multivariate Gaus-

sian distribution. Then, the set ofz ∈ Rn vectors satisfying

P(zTξ ≤ 0) ≥ 1 − δ
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is the same as those satisfying

zTµξ + Φ−1(1 − δ)
√

zTΣξz ≤ 0 ,

whereµξ = E [ξ], Σξ is the covariance matrix of the random vectorξ, δ is a fixed proba-

bility such that0 ≤ δ ≤ 1, andΦ is the cumulative distribution function ofN (0, 1).

Lemma 5.4.1 is an important result in the field of stochastic programming. In our

specific context, the lemma allows us to show that finding an optimal stationary policy for

the problem of maximizing the(1− δ)-percentile criterion under Gaussian uncertainty can

be expressed as a second-order cone program.

Theorem 5.4.2 : For anyδ ∈ (0, 0.5], the Percentile MDP with Gaussian uncertainty in

the rewards

maximize
y∈R,π∈Υ

y (5.4a)

subject to PG(E P [
∑∞

t=0 α
tr̃(xt)|x0 ∝ q, π] ≥ y) ≥ 1 − δ , (5.4b)

where the expectation is taken with respect to the random trajectory ofxt when following

stationary policyπ, and wherẽr ∝ N (µr̃,Σr̃), is equivalent to the convex second-order

cone program

maximize
ρ1,ρ2,...,ρ|A|∈R|S|

∑

a ρ
T

aµr̃ − Φ−1(1 − δ)‖∑a ρ
T

a Σ
1
2
r̃‖2 (5.5a)

subject to
∑

a ρ
T

a = qT +
∑

a αρ
T

aP a (5.5b)

ρT

a ≥ 0 , ∀ a ∈ A , (5.5c)

whereP a is the transition probability matrix when actiona is taken in each state. Given

an optimal assignment forρ∗
1,ρ

∗
2, ...,ρ

∗
|A|, an optimal policyπ∗ to Problem(5.4) can be

retrieved using:

π∗(s, a) =







1
|A| if

∑

a ρ
∗
(a,s) = 0

ρ∗
(a,s)

∑

a ρ∗
(a,s)

otherwise.
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Proof: We first use the fact that Constraint (5.4b) can be expressed in the form

PG(υTr̃ ≥ y) ≥ 1 − δ (5.6a)

qT

∞
∑

t=0

(αΠP )t = υT . (5.6b)

Using a change of variables that is commonly used in the MDP literature (see [47]), Con-

straint (5.6b) is equivalent to:

υT = qT + α
∑

a ρ
T

aP a

υT =
∑

a∈A ρ
T

a , ρT

a ≥ 0 , ∀ a ∈ A ,

with some set of new decision variables:ρ1,ρ2, ...,ρ|A| ∈ R|S|. From a feasible assignment

(υ,ρ1, ,ρ2, ...,ρ|A|), an equivalent pair(υ,Π) feasible according to Constraint (5.6b) can

be retrieved using:

Π(s,s′,a) =

{

0 if υs′ = 0
ρ(a,s′)

υs′
11{s = s′} otherwise.

Given thatδ ≤ 0.5, one can use Lemma 5.4.1 to convert Constraint (5.6a) into anequiva-

lent deterministic convex constraint. Theorem 5.4.2 follows naturally. �

Complexity of the solution

It is important to note that second-order cone programming (SOCP) is a well developed

field of optimization for which a number of polynomial time algorithms have been pro-

posed. We refer the reader to [36, 10] for background on the subject and algorithms for

solving this family of problems.2 Based on a primal-dual interior point method presented

in [36], we can show the following.

Theorem 5.4.3 : Given an MDP with|S| states,|A| actions, and Gaussian uncertainty in

the reward vector, the Percentile MDP Problem(5.4)can be solved in timeO(|A| 72 |S| 72 ).
2In our implementation, we used the CVX toolbox developed forMatlab by Michael Grantet al. [28].
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Proof: Based on the work presented in [36], the computationsinvolved in solving an SOCP

to any precision can be bounded above byO
(√

K(k2
∑K

i=1 ki + k3)
)

, whereK is the

number of constraints,k is the number of variables, andki is the size of the vector in the

norm operator of constrainti. These results lead to a bound ofO(|A| 72 |S| 72 ) for Prob-

lem (5.5) and consequently for Problem (5.4) since the transformation from one problem

to the other does not depend on the size of the MDP. �

Unfortunately, one can also show that some uncertainty models for the reward parame-

ters actually lead to intractable forms of the Percentile MDP Problem (5.4).

Theorem 5.4.4 : Solving the Percentile MDP Problem(5.4) with general uncertainty in

the reward parameters is NP-hard.

A detailed proof of this theorem is presented in Appendix B.1where we show that the

NP-complete 3SAT problem can be reduced to solving Problem (5.4) for an MDP with

discrete reward uncertainty.

5.4.2 Decision making under uncertain transition probabilities

We now focus on the problem of transition probability uncertainty. This type of uncertainty

is present in applications where one does not have a physicalmodel of the dynamics of the

system. In this case, the transition probability matrixP must be estimated from experi-

mentation and is therefore inherently uncertain. Since theBayesian framework allows us

to formulate a distribution overP , we consider a Percentile MDP problem with transition

probability uncertainty:

maximize
y∈R,π∈Υ

y (5.7a)

subject to PG (E P̃ [
∑∞

t=0 α
tr(xt)|x0 ∝ q, π] ≥ y) ≥ 1 − δ , (5.7b)

where the probabilityPG(·) is the probability of drawing the transition probability matrix P̃

from a posterior distributionGP̃ and whereE P̃ [·|x0 ∝ q, π] is the expectation with respect

to the random trajectory ofxt given a concrete realization of̃P , deterministic rewardsr, a

policy π, and a distributionq for the initial state . As was the case for reward uncertainty,
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this problem is hard to solve in general. However, in Section5.4.2 we use the Dirichlet

prior to suggest a method that generates a near optimal policy given a sufficient number of

observations of transitions drawn from̃P .

Computational complexity of uncertainty in the transition probabilities

Finding an optimal policy for a Percentile MDP problem is NP-hard even when there is no

uncertainty in the reward parameters.

Corollary 5.4.5: Solving the Percentile MDP Problem(5.7)for general uncertainty in the

transition probability parameters is NP-hard.

Following similar lines as for proving Theorem 5.4.4, givenan instance of the NP-

complete 3SAT Problem, one can easily construct in polynomial time an MDP with discrete

uncertainty in the transition probabilities. Solving Problem (5.7) for this uncertain MDP

is equivalent to determining if the 3SAT instance is satisfiable. A sketch of this proof is

included in Appendix B.2.

The Dirichlet prior on transition probabilities

Since we cannot expect to solve the Percentile MDP Problem (5.7) for a general distri-

bution, we use, for each state-action pair(i, a), independent Dirichlet priors to model the

uncertainty in the parameterP(i,a,j) associated with eachj. This assumption is very con-

venient for describing prior knowledge about transition probability parameters due to the

fact that, after gathering new transition observations, one can easily evaluate a posterior

distribution over these parameters. More specifically, fora vector of transition probability

parameters̃p = [p̃1, ..., p̃|S|]
T, the Dirichlet distribution over̃p follows the density func-

tion G(p) = (1/Z(β))
∏|S|

j=1 p
βj−1
j , whereβ are modeling parameters for the Dirichlet

prior andZ(β) is a normalization factor. Given a set of observed transition observations

{j(1), j(2), ..., j(M)} drawn from the multinomial distributionFp(j) = pj , one can analyti-

cally resolve the posterior distribution overp̃. This distribution conveniently takes the same

Dirichlet formG(p|j(1), j(2), ..., j(M)) = (1/Z(β,M1, ...,M|S|))
∏|S|

j=1 p
βj+Mj−1
j , whereMj
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is the number of times that a transition toj was observed. It is also known that the covari-

ance between different terms ofp̃ is (see [24] for details):

Σ(j,k) =

{

(βj+Mj)(β0+M−βj−Mj)

(β0+M)2(β0+M+1)
if k = j

− (βk+Mk)(βj+Mj)

(β0+M)2(β0+M+1)
otherwise

,

whereβ0 =
∑

j βj andM =
∑

j Mj.

Expected return approximation using a Dirichlet prior

Even with the Dirichlet assumption we are confronted with the following difficulty in solv-

ing the Percentile MDP Problem (5.7). Unlike in the case of reward uncertainty, finding a

policy that simply minimizes the expected returnE G[
∑∞

t=0 α
tr(xt)|x0 ∝ q, π] under tran-

sition probability uncertaintỹP is already hard. More specifically, the expected return can

be expressed as

E G

[ ∞
∑

t=0

αtr(xt)

∣

∣

∣

∣

∣

x0 ∝ q, π
]

= E G

[

E P̃

[ ∞
∑

t=0

αtr(xt)

∣

∣

∣

∣

∣

x0 ∝ q, π
]]

= E G

[

qT(I − αΠP̃ )−1r
]

= E G

[

qT

(

I − αΠ(E G[P̃ ] + ∆P̃ )
)−1

r

]

= E G

[

qT

(

(Xπ)−1 − (Xπ)−1αXπ
Π∆P̃

)−1

r

]

= E G

[

qT(I − αXπ
Π∆P̃ )−1Xπr

]

= E G

[

qT

∞
∑

k=0

αk(Xπ
Π∆P̃ )kXπr

]

,

where∆P̃ = P̃ − E G[P̃ ], andXπ = (I − αΠE G[P̃ ])−1. The matrixXπ is always well

defined sincẽP is modeled with the Dirichlet distribution, thus ensuring thatE G[P̃ ] is a

valid transition probability matrix and thatI − αΠE G[P̃ ] is nonsingular. The expression

E G[
∑∞

t=0 α
tr(xt)|x0 ∝ q, π] therefore depends on all the moments of the uncertainty in

P̃ . Following similar lines as in [37], we focus on finding a stationary policy that performs
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well according to the second-order approximation of the expected return. We expect the

norm of higher order moments of∆P̃ to decay with the number of observed transitions.

E G

[ ∞
∑

t=0

αtr(xt)

∣

∣

∣

∣

∣

x0 ∝ q, π, P̃
]

= qTXπr + αqTXπ
ΠE G[∆P̃ ]Xπr + α2qTXπ

ΠE G[∆P̃Xπ
Π∆P̃ ]Xπr + Lexp

≈ qTXπr + α2qTXπ
ΠQXπr ,

whereLexp=
∑∞

k=3 α
kqTE G

[

(Xπ
Π∆P̃ )k

]

Xπr, and whereQ ∈ R|S|×|A|×|S|, such that

Q(i,a,j) =
(

E G[(∆P̃Xπ
Π∆P̃ ]

)

(i,a,j)

=
∑

k,l,a′

(Xπ
Π)(k,l,a′)E G[∆P̃(i,a,k)∆P̃(l,a′,j)]

=
∑

k

Xπ
(k,i)π(i, a)E G[∆P̃(i,a,k)∆P̃(i,a,j)]

= π(i, a)
∑

k

Σ
(i,a)
(j,k)X

π
(k,i) .

This is under the assumption that, for each actiona, the rows ofP̃ a are independent from

each other and usingΣ(i,a) to represent the covariance between the terms of the transition

probability vector from statei with actiona. We are now interested in the second-order

approximation ofE G[
∑∞

t=0 α
tr(xt)|x0 ∝ q, π].

Definition 5.4.6 : F(π) is the second-order approximation of the expected return under

transition probability uncertainty, such that

F(π) = qTXπr + α2qTXπ
ΠQXπr .

Remark 5.4.7 : One should note that the approximationF(π) depends on the first two

moments of random matrix̃P . It can therefore efficiently be evaluated for any policy.

AlthoughF(π) is still non-concave inπ, in practice, global optimization techniques will

lead to useful solutions as presented in Section 5.5.2.
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Before studying the usefulness of maximizingF(π), we first introduce the definition of(1−
δ)-percentile performance for a policy in this context and present a lemma that constrains

the range of possible solutions for any percentile optimization problem.

Definition 5.4.8 : For a fixed policyπ, the (1 − δ)-percentile performance of policyπ

under transition probability uncertaintỹP , Y(π, δ), is the solution to:

Y(π, δ) = maximize
y∈R

y

subject to PG (E P̃ [
∑∞

t=0 α
tr(xt)|x0 ∝ q, π] ≥ y) ≥ 1 − δ ,

where the probabilityPG(·) is the probability of drawing̃P from the posterior Dirichlet

distribution, and where the expectation is taken with respect to the random trajectory ofxt

when following stationary policyπ and given a concrete realization ofP̃ .

Lemma 5.4.9 : Given any random variablẽz with meanµ and standard deviationσ, then

the optimal valuey∗ of the optimization problem

maximize
y∈R

y (5.9a)

subject to P(z̃ ≥ y) ≥ 1 − δ , (5.9b)

is assured to be in the rangey∗ ∈ [µ− σ√
δ
, µ+ σ√

1−δ
].

The proof is given in Appendix B.3. One can now derive the following theorem.

Theorem 5.4.10: Suppose that we are given the state transition observations{(s1, a1, s
′
1),

(s2, a2, s
′
2), ..., (sM , aM , s

′
M)}, and let the minimum number of transitions observed from

any state using any action beM∗ := mini,a

∑

j M
(i,a)
j , andδ ∈ (0, 0.5]. Then, a policy

π̂ ∈ argmax
π

F(π) (5.10)

isO(1/
√
δM∗) optimal with respect to the Percentile MDP problem

maximize
π∈Υ

Y(π, δ) . (5.11)
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Proof: Using Lemma 5.4.9 with̃z replaced byg(π,P ) = E P [
∑∞

t=0 α
tr(xt)|x0 ∝ q, π],

one can easily show that for any policyπ

Y(π, δ) − F(π) ≤ E G[g(π, P̃ )] +
1√

1 − δ

√

E G

[

(

g(π, P̃ ) − E G[g(π, P̃ )]
)2
]

− F(π)

= Lexp(π) +

√

Lvar(π)

1 − δ
,

and

Y(π, δ) − F(π) ≥ E G[g(π, P̃ )] − 1√
δ

√

E G

[

(

g(π, P̃ ) − E G[g(π, P̃ )]
)2
]

− F(π)

= Lexp(π) −
√

Lvar(π)

δ
,

where

Lexp(π) =

∞
∑

k=3

αkqTE G

[

(Xπ
Π∆P̃ )k

]

Xπr = O

(

1

(M∗)2

)

Lvar(π) = E G

[

(

g(π, P̃ ) − E G[g(π, P̃ )]
)2
]

=
∑

k≥1,l≥1

E G

[(

gk(π, P̃ ) − E G[gk(π, P̃ )]
)(

gl(π, P̃ ) − E G[gl(π, P̃ )]
)]

=
∞
∑

k+l≥2

E G

[

gk(π, P̃ )gl(π, P̃ )
]

−
∞
∑

k≥2,l≥2

E G

[

gk(π, P̃ )
]

E G

[

gl(π, P̃ )
]

= O

(

1

M∗

)

,

wheregk(π, P̃ ) = αkqT(Xπ
Π∆P̃ )kXπr. The boundsO( 1

(M∗)2
) andO( 1

M∗ ) were derived

from the rate of decay for each moment of a Dirichlet distribution (see [63] for details on

these moments).
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This gives us a bound between the optimal(1 − δ)-percentile performance obtained

from policyπ∗ = argmaxπ YP̃ (π, δ) andπ̂ returned by Problem (5.10).

YP̃ (π∗, δ) − YP̃ (π̂, δ) = YP̃ (π∗, δ) − F(π∗) + F(π∗) − YP̃ (π̂, δ)

≤ YP̃ (π∗, δ) − F(π∗) + F(π̂) − YP̃ (π̂, δ)

≤ Lexp(π
∗) +

√

Lvar(π∗)√
1 − δ

− Lexp(π̂) +

√

Lvar(π̂)√
δ

= O

(

1√
δM∗

)

. �

Next, we show how the percentile criterion studied in this chapter outperforms the

nominal and robust criterion on instances of the machine replacement problem with either

reward or transition probability uncertainty.

5.5 Experiments on Machine Replacement Problems

Let us consider a very practical instance of an MDP with inherent model uncertainty. A

factory owner wants to design a replacement policy for a lineof machines. This problem

is known to be well modeled with an MDP with states representing reachable aging phases

and actions describing different repair or replacement alternatives. Although the parameters

used in such a model can typically be estimated from historical data (experienced repair

costs and decreases in production due to failures), one can rarely fully resolve them. For

example, there is inherent uncertainty in future fluctuations for the cost of new equipment.

Moreover, one often doesn’t have access to enough historical data to adequately assess the

probability of a machine breaking down at a given aging stage. There is therefore a need

for incorporating this uncertainty in the performance evaluation of any given repair policy.

Consider more specifically the repair cost that is incurred by a factory that holds a

high number of machines, given that each of these machines are modeled with the same

underlying MDP. Since the parameters of this MDP are not known with certainty, it is

natural in this setting to apply a repair policy uniformly onall the machines with the hope

that, with probability higher than1−δ, this policy will have a low average maintenance cost

on the set of machines. This is specifically what the percentile criterion presented earlier
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Figure 5.2: Instance of a machine replacement problem with uncertainty in the rewards.
The optimal paths followed for three strategies are drawn.

quantifies. We now present two instances of this problem witheither reward or transition

probability uncertainty. Note that we have selected simpleinstances of this problem in

order to compare the three approaches that were presented inthis Bayesian framework:

first the Nominal MDP as estimated from the samples, second the Robust MDP which

constructs a DRSP model from the posterior distribution, and finally the Percentile MDP.

5.5.1 Machine replacement as an MDP with Gaussian rewards

We study a simple version of the machine replacement problemwith 50 states, 2 actions,

deterministic transitions, a discount factor of 0.8, and Gaussian uncertainty in the rewards

(see Figure 5.2). Our model develops as follow: after the policy is chosen by the agent,

the environment is created according to a predefined joint Gaussian distribution over the re-

wards, and the policy is applied on this environment which issolely deterministic thereafter.

For each of the first 49 steps, repairs have a cost independently distributed asN (130, 1).

The 50th state of the machine’s life was designed to be a more risky state: not repair-

ing incurs a highly uncertain costN (100, 800), while repairing is a more secure but still

uncertain optionN (130, 20).

The performance of policies obtained using nominal, robustand percentile formula-

tions, with a confidence of 99%, are presented in Figure 5.3.3 These results describe what

3Implementation details: the robust problem was constructed using a 99% confidence ellipsoid of the
random cost vector as the uncertainty set. Also, all second-order cone programming was implemented in
Matlab using the CVX software [28].
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one would typically expect from the three solution concepts. While the nominal strategy,

blind to any form of risk, finds no advantage in ever repairing, the robust strategy ends

up following a more conservative policy (repairing the machine in state #49 to avoid state

#50). On the other hand, the percentile based strategy handles the risk more efficiently by

waiting until state #50 to apply a mixed strategy that repairs the machine with 90% prob-

ability. This strategy performed better than its robust alternative while preserving small

variance in performance over the 10000 different sampled environments.
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Figure 5.3: Performance comparison between nominal, robust and percentile based policies
on 10000 runs of the machine replacement problem. The right figure focuses on the interval
[−17,−10].

5.5.2 Machine Replacement as an MDP with Dirichlet prior on tran-

sition probabilities

In this experiment, we use a version of the machine replacement problem with 10 states, 4

actions, a discount factor of 0.8, a uniform initial state distribution and transition probability

uncertainty modeled with a Dirichlet distribution. States1 to 8 describe the normal aging

of the machine, while statesR1 andR2 represent two possible stages of repairs:R1 being

normal repairs on the machine with cost of 2, andR2 standing for a harder one with a

cost of 10. Letting the machine reach the age of 8 is penalizedwith a cost of 20. In each

of these states, one has access to three repair services for the machine. We designed a
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Dirichlet model for transitions occurring when no repairs are done. In the case of each of

the three repair options, we used slightly perturbed versions of a reference Dirichlet model

that is presented in Figure 5.4. In this figure, the expected transition probability parameters

are presented given thatM transitions were observed from each state. The parameterM

acts as a control for the amount of transition probability uncertainty present in the model.

1 2 3 8…0.3
0.6 0.1

0.2

Doing nothing
Repairing with option j

R1

R2

0.8

0.2 0.2 1

0.8 0.8

0.2

1

0.8

0.6
0.4

…
1

0.6 0.6
0.3 0.3

0.1
0.1

0.6
0.3

0.1

Figure 5.4: Instance of a machine replacement problem with Dirichlet uncertainty in the
transition probabilities. The diagram presents the expected transition probabilities for the
two types of actions (repairing, or not). The three repair options lead to slightly perturbed
versions of the Dirichlet model presented here.

We applied three solution methods to this decision problem.First, the Nominal MDP

was formulated using the expected transition probabilities based on the posterior distribu-

tion. Since we chose to evaluate the 10th percentile performance of policies, the Robust

MDP is constructed using a 90% confidence box inR|S|×|A|×|S| for the random matrix̃P .4

Finally, we used the “2nd-order approximation” performance measure presented in Sec-

tion 5.4.2 to find a solution to the Percentile MDP Problem. Todo so, we were required to

solve a non-convex optimization problem using a gradient descent algorithm (applied on

−F(π)). Although gradient descent techniques provide no guarantees of reaching a global

optimum, by taking as an initial point the policy returned bythe Nominal MDP, we were

assured to find a policy that performs better than the nominalone with respect toF(π).

4Specifically, using 10000 samples drawn fromGP̃ and a givenτ ratio, for each parameterP(i,a,j) we
choseA(i,a,j) andB(i,a,j) so that they included a ratio ofτ of the random samples. A search overτ was done
to find the minimalτ that led to a boxA(i,a,j) ≤ P(i,a,j) ≤ B(i,a,j) containing 90% of the samples drawn
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Figure 5.5: (a) presents a performance comparison between nominal, robust and percentile
based policies on 10000 runs of the machine replacement problem with M = 1. (b)
presents the effect of decreasing the uncertainty in the transitions probabilities.

Figure 5.5(a) shows the histogram of expected discounted rewards obtained using the

different methods on 10000 instances of the described uncertain machine replacement prob-

lem (withM = 1). We also indicated the mean and the 10th percentile of the different

methods. It is interesting to see that although the 2nd-order approximation method and

the nominal method do not directly address the percentile criterion, they both outperform

the policy obtained using the robust method in terms of 10th percentile performance for

large parameter uncertainty. When having a look at the different policies returned by the

methods, we realize that the robust policy acts more conservatively by applying repairs

earlier. On the other hand, the nominal strategy does not make any use of the fact that

3 repair options are available. The 2nd-order approximation method returns a policy that

uses a mixed strategy over the repair options in statesR1 (i.e., heavy repair state) in order

to reduce the variance of transition probabilities and, indirectly, the overall expected cost.

In Figure 5.5(b), we show how these results evolve with the number of observed transi-

tions (quantified byM in the Dirichlet model). As expected, when more transitionsare

observed, the 2nd-order approximation policy slowly converges to the nominal policy, due

from P̃ . This approach is similar to the method for constructing theDRSP proposed in Section 5.2.
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to the vanishing second term ofF(π).

5.6 Conclusion

In this chapter, we presented how distribution uncertaintycan be addressed through the use

of a Bayesian approach. After describing how to construct a distributional set that accounts

for the prior information that is available in this framework, we presented a percentile opti-

mization problem that can potentially lead to better solutions although it presents a heavier

computational challenge. In the context of a Markov decision process with parameter un-

certainty, we showed that, although the percentile optimization problem reduces, in the

special case of an MDP with Gaussian reward uncertainty, to asecond-order cone pro-

gram, in general the model is intractable to solve and requires the use of approximation

algorithms. Our experiments also demonstrated that, givena preferred level of risk, the

percentile criterion performs better than policies obtained using an estimate of the distribu-

tion or obtained using a distributionally robust model. Overall, we consider that research on

new approximation methods for percentile optimization problems has the potential to lead

to solutions that improve significantly on the DRSP approachwhen addressing Bayesian

data-driven problems. Yet, because the DRSP is less sensitive to the prior and can be solved

more easily, we believe it to be a very effective tool to use inpractice.



Chapter 6

Conclusions

This thesis developed new foundations for a quantitative methodology that accounts for

distribution uncertainty in a wide range of decision problems where the information about

the model is extracted from historical data. We initially considered a frequentist point of

view and showed how confidence regions for the first two moments of a random vector

could be derived simply using the historical samples and some knowledge about the sup-

port of the distribution. These results allowed us to define aset of distributions that is

guaranteed with high probability to contain the actual distribution from which the samples

were drawn. We then analyzed the computational difficultiesrelated to solving the distri-

butionally robust stochastic program with such a distributional set. Our conclusions were

that as long as the objective is convex in the decision variables and “piecewise concave”

in the parameters, then one can find a solution to this model inpolynomial time. We even

demonstrated that, although the problem is NP-hard in general, there is a rich family of

distributional sets for which the DRSP model is tractable. We finally showed how to con-

struct the DRSP after committing to a Bayesian prior. In thiscontext, we emphasized how

the shape of the distributional set in a DRSP could influence the quality of robust solution.

The percentile optimization problem was designed in order to choose this set optimally yet

incurred an important price in terms of computational tractability. The study of Markov

decision processes illustrated this trade-off quite vividly.

The contribution of this thesis to the study of the complexity and application of the

DRSP is significant because, after a number of negative results in this field, the DRSP had

92
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commonly been considered to present too much of a computational challenge in practice.

Instead, our results lead us to believe that in many large data-driven problems the distri-

butionally robust framework is actually more practical to use than a stochastic program

since it provides the decision maker with risk-sensitive solutions that are more reliable and

tractable. Many applications have already benefited from our work including a machine

replacement problem, a fleet mix optimization problem and a portfolio selection problem.

Interestingly enough, the empirical experiments on portfolio selection clearly indicated that

an approach which assumes to know exactly the distribution or some of the moments of the

random parameters, like the future returns of assets, is bound to be deceptive in the long

run. In light of these observations, we strongly believe that a distributionally robust ap-

proach would have been better prepared for the sudden changein valuation of securitized

mortgages which caused the global financial crisis of 2008-2009. Our hope is that methods

such as the one presented in this thesis will soon become common practice in the field of

decision making under uncertainty.



Appendix A

Extended Proofs for Chapter 3

A.1 Proof of Lemma 3.2.2

We first establish the primal-dual relationship between Problem (3.4) and Problem (3.5).

In a second step, we demonstrate that the conditions for strong duality to hold are met.

Step 1 : One can first show by formulating the Lagrangian of Problem (3.3) that the dual

can take the following form

minimize
r ,Q,P ,p,s

(γ2Σ0 − µ0µ
T

0 ) •Q+ r + (Σ0 • P ) − 2µT

0p+ γ1s (A.1a)

subject to ξTQξ − 2ξT(p+Qµ0) + r − h(x, ξ) ≥ 0 , ∀ ξ ∈ S (A.1b)

Q � 0 (A.1c)
[

P p

pT
s

]

� 0 , (A.1d)

wherer ∈ R,Q ∈ Rm×m are the dual variables for Constraint (3.4b) and Constraint(3.4c)

respectively, whileP ∈ Rm×m, p ∈ Rm ands ∈ R form together a matrix which is the

dual variable associated with Constraint (3.4d).

We can further simplify this dual problem by solving analytically for the variables

(P ,p, s), while keeping(Q, r) fixed. Because of Constraint (A.1d), we can consider two

cases for the variables∗: eithers∗ = 0 or s
∗ > 0. Assuming thats∗ = 0, then it must be

94
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thatp∗ = 0 otherwisep∗Tp∗ > 0 and

[

p∗

y

]T [

P ∗ p∗

p∗T
s
∗

][

p∗

y

]

= p∗TP ∗p∗ − 2p∗Tp∗y < 0 , for y >
p∗TP ∗p∗

2p∗Tp∗
,

which contradicts Constraint (A.1d). Similarly,P ∗ = 0 is an optimal solution since it

minimizes the objective. We conclude that ifs
∗ = 0 then, after replacingq = −2(p +

Qµ0), Problem (A.1)’s objective does indeed reduce to

γ2(Σ0•Q)−µT

0Qµ0+r = r +γ2(Σ0•Q)+µT

0Qµ0+µT

0 q+
√
γ1‖Σ1/2

0 (q+2Qµ0)‖ .

If instead one assumes thats
∗ > 0, then using Schur’s complement, Constraint (A.1d)

can be shown equivalent toP � 1
s
ppT. SinceΣ0 � 0, P ∗ = 1

s
ppT is a valid optimal

solution and can be replaced in the objective. It remains to solve for s∗ > 0, which reduces

to solving the one dimensional convex optimization problemminimize
s>0

1
s
pT

Σ0p+ γ1s.

By setting the derivative of the objective function to zero,we obtain thats∗ =
√

1
γ1
pTΣ0p.

Thus, once again, after replacingq = −2(p +Qµ0), the optimal value of Problem (A.1)

reduces to the form of Problem (3.5):

r + γ2(Σ0 •Q) + µT

0Qµ0 + µT

0 q +
√
γ1‖Σ1/2

0 (q + 2Qµ0)‖ .

Step 2 : One can easily show that the conditions onγ1, γ2 andΣ0 are sufficient to ensure

that the Dirac measureδµ0
lies in the relative interior of the feasible set of Problem (3.3).

Based on the weaker version of Proposition 3.4 in [53], we canconclude that there is

no duality gap between the two problems and that ifΨ(x; γ1, γ2) is finite then the set of

optimal solutions to Problem (3.5) must be non-empty. �
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A.2 Proof of Proposition 3.3.3 with Weak Feasibility Ora-

cles

In this section, we discuss an extension of the results presented in Proposition 3.3.3 to

problems where the feasibility oracles can only verify thatan instance is close enough

from the interior of the feasible set and can only generate approximate cutting planes. We

also use this as an opportunity to expose a more rigorous and detailed proof of polynomial

solvability of the DRSP withD1. In what follows, we will refer to a notion of distance from

a set as defined next.

Definition A.2.1: Given a setZ ⊆ Rm, for anyz ∈ Rm let dist(z,Z) = inf z̄∈Z ‖z− z̄‖.

We first make the concept of weak feasibility oracles more precise through two weaker

assumptions about the setS andX .

Assumption A.2.2: The support setS ⊂ Rm is convex and compact (closed and bounded),

containsµ0, and is equipped with an oracle that can for anyξ ∈ Rm and ǫ > 0 either

confirm thatdist(ξ,S) ≤ ǫ or provide a vectora such that‖a‖ ≥ 1 and that, for any

ξ′ ∈ S, aTξ′ ≤ aTξ + ǫ in time polynomial inm andlog(1/ǫ). Furthermore, there exist

two balls centered at someξ0 and of radiusrξ andRξ respectively such that Ball(ξ0, rξ) ⊆
S ⊆ Ball(ξ0, Rξ).

Assumption A.2.3 : The setX ⊂ Rn is convex and compact (closed and bounded), and

it is equipped with an oracle that can for anyx ∈ Rn and ǫ > 0 either confirm that

dist(x,X ) ≤ ǫ or provide a vectora such that‖a‖ ≥ 1 and that for anyx′ ∈ X , aTx′ ≤
aTx+ǫ in time polynomial inn andlog(1/ǫ). Furthermore, there exist two balls centered at

somex0 and of radiusrx andRx respectively such that Ball(x0, rx) ⊆ X ⊆ Ball(x0, Rx).

Given that the oracles associated withX andS satisfy the weaker assumptions above,

the solvability of the DRSP withD1 can be described as follows.

Proposition A.2.4 : Given that assumptions 3.2.6, 3.3.2, A.2.2, and A.2.3 hold,and that

h(x, ξ) is Lipschitz continuous inξ, then for anyǫ > 0, one can find in time polynomial

in log(1/ǫ) and the sizes ofx andξ an assignment̂x such thatdist(x̂,X ) ≤ ǫ and x̂ is

ǫ-optimal with respect to the objective of the DRSP withD1, also known as Problem(3.7).
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Before providing a detailed proof of Proposition A.2.4, we first need to present the

computational equivalence between optimization and weak separation. We then present

a short lemma which will help us provide a weak feasibility oracle for Constraint (3.8b),

which involves an internal maximization that can only be done approximately.

Lemma A.2.5: (Grötschelet al. [29]) Consider a convex optimization problem of the form

minimize
z∈Z

cTz

with linear objective and convex feasible setZ. Given that there exist two balls centered

at somez0 and of radiusr andR respectively such that Ball(z0, r) ⊆ Z ⊆ Ball(z0, R),

for any ǫ > 0 one can find in time polynomial inlog(1/ǫ) and in the size of the problem

an assignment̂z such thatdist(ẑ,Z) ≤ ǫ andcTz ≥ cTẑ − ǫ for all z ∈ Z if and only

if for any assignment̂z one can in time polynomial in the dimension ofz either assert

that dist(ẑ,Z) ≤ ǫ or find a vectora such that‖a‖ ≥ 1 and that for anyz ∈ Z,

aTz ≤ aTẑ + ǫ.

The following lemma relies on a first application of Grötschel et al.’s equivalence result

in order to account for the weak feasibility oracle associated toS.

Lemma A.2.6 : Let functionh(x, ξ) be concave inξ and be such that one can evaluate

h(x, ξ) and provide a super-gradient ofξ in time polynomial inm. Then, under Assump-

tion A.2.2, for any fixed assignmentx, Q � 0, q, andr, and for anyǫ > 0 one can find

in time polynomial inlog(1/ǫ) and the size ofξ an assignment̂ξ such thatdist(ξ̂,S) ≤ ǫ

and

h(x, ξ̂) − ξ̂T

Qξ̂ − ξ̂T

q − r ≥ h(x, ξ) − ξTQξ − ξTq − r − ǫ ∀ξ ∈ S .

Proof: We can apply Lemma A.2.5 to the following optimization problem:

maximize
t,ξ

t (A.2a)

subject to t ≤ h(x, ξ) − ξTQξ − ξTq − r (A.2b)

ξ ∈ S . (A.2c)
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First, the feasible set of the problem is convex sinceQ � 0 so thath(x, ξ)−ξTQξ−ξTq−r
is a concave function inξ andS is assumed to be a convex set.

Secondly, we assumed to know of a ball of radiusRξ such thatS ⊆ Ball(ξ0, Rξ). We

can therefore verify that

h(x, ξ0) − ξT

0Qξ0 − ξT

0 q − r ≤ t∗ = max
ξ∈S

h(x, ξ) − ξTQξ − ξTq − r

≤ max
ξ∈S

h(x, ξ) + ‖q‖(‖ξ0‖ +Rξ) − r < ∞ ,

by the fact thatS is compact and thath(x, ξ) is finite everywhere. Sincet∗ lies in some

interval [tmin, tmax], we can reduce the search overt to Ball(t0, Rt) with t0 = tmin − 1 and

Rt = tmax − t0 + 1. It then becomes trivial to show thatS × Ball(t0, Rt) is a subset of

a ball centered at(ξ0, t0) of radius
√

R2
ξ +R2

t . Also, since the point(ξ0, t0) satisfies all

constraints strictly, we can also conclude that it is in the interior of the feasible set and

therefore that there exists a small ball centered at(ξ0, t0) which is a subset of the feasible

set of Problem (A.2).

Thirdly, regarding the weak separation problem, we confirm that for anyǫ > 0 and any

assignment(ξ̄, t̄) separation fromS is a tractable problem. Furthermore, lettingg(ξ, t) =

t−h(x, ξ)+ξTQξ+ξTq+r, we then confirm thatg(ξ̄, t̄) ≤ ǫ can be verified directly after

the evaluation ofh(x, ξ̄), and that ifg(ξ̄, t̄) > ǫ then the following separating hyperplane

can be generated in polynomial time:

(−∇ξh(x, ξ̄) + 2Qξ̄ + q)Tξ + t ≤ (−∇ξh(x, ξ̄) + 2Qξ̄ + q)Tξ̄ + t̄ ,

where∇ξh(x, ξ) is a super-gradient ofh(x, ·). This is a consequence of the convexity of

g(ξ, t) in bothξ andt:

∇ξg(ξ, t)
T(ξ − ξ̄) + ∇tg(ξ, t)(t− t̄) ≤ g(ξ, t) − g(ξ̄, t̄) ≤ 0 − ǫ ≤ 0 ,

for all feasible pair(ξ, t). One can also verify that the cutting plane vector always hasits

norm larger than one since it is equal to one in the space oft.

Finally, by Lemma A.2.5, these properties guarantee us thatthe ellipsoid method will

converge in polynomial time to an assignmentξ̂ andt̂ such thatdist(ξ̂,S) ≤ ǫ/2 and such
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that

t∗ − ǫ/2 ≤ t̂ ≤ h(x, ξ̂) − ξ̂T

Qξ̂ − ξ̂T

q−r + ǫ/2

⇒ h(x, ξ̂) − ξ̂T

Qξ̂ − ξ̂T

q − r ≥ t∗ − ǫ .

This concludes our proof. �

We are now ready to prove the statement presented in Proposition A.2.4.

Proof: We first reformulate the inner moment problem in its dual form using Lemma 3.2.2

and use the fact that min-min operations can be performed jointly and the fact that the

constraint involvingh(x, ξ) decomposes. This leads to an equivalent convex optimization

form for Problem (3.7):

minimize
x,Q,q,r ,t

r + t

subject to r ≥ hk(x, ξ) − ξTQξ − ξTq , ∀ ξ ∈ S, k ∈ {1, ..., K}
t ≥

(

γ2Σ0 + µ0µ
T

0

)

•Q+ µT

0 q +
√
γ1 ‖Σ1/2

0 (q + 2Qµ0)‖
Q � 0

x ∈ X .

After further algebraic manipulation the problem can take the simpler form:

minimize
x,Q,q,r ,t

r + t (A.4a)

subject to r ≥ hk(x, ξ) − (ξ − µ0)
TQ(ξ − µ0) − (ξ − µ0)

Tq , ∀ ξ ∈ S , ∀k (A.4b)

t ≥ (γ2Σ0) •Q+
√
γ1 ‖Σ1/2

0 q‖ (A.4c)

Q � 0 (A.4d)

x ∈ X . (A.4e)

It remains to show that the ellipsoid method can be successfully applied.

First, we can easily confirm that in Problem (A.4) the objective is linear and that the

feasible set is convex: Constraint (A.4b) is convex inx since it is the sum of a convex

function hk(x, ξ) and of a linear function, Constraint (A.4c) is a linear constraint, and
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finally both the positive semidefinite cone and the setX are known to be convex sets. This

feasible set is also non-empty since the assignmentx̄ = x0, Q̄ = 0, q̄ = 0, t̄ = 0,

r̄ = supξ∈S maxk∈{1,...,K} hk(x, ξ) is feasible. Based on Lemma 3.2.2, we know that

for any fixedx the objective value of Problem (A.4) is bounded below byh(x,µ0) (see

Appendix A.1 for details) and above bysupξ∈S maxk∈{1,...,K} hk(x, ξ). and can conclude

that the optimal value, OPT, is finite; thus, the set of optimal solutions is non-empty.

Secondly, whileX is assumed to be a subset of some ball of radiusRx centered atx0 ,

this is not known forQ, q, r andt. However, we can still construct the sets Ball(Q0, RQ),

Ball(q0, Rq), Ball(r0, Rr
), and Ball(t0, Rt) which respectively contain an optimal assign-

mentx∗,Q∗, q∗, r ∗, andt∗. Based on our assumption on the setsS andX , we can use the

fact thatµ0 ∈ S and thatΣ0 ≻ 0 andQ∗ � 0 to make the following statements:

h(x,µ0) ≤ OPT≤ h(x0, ξ) , ∀x ∈ X , ξ ∈ S ⇒ min
x∈X

h(x,µ0) ≤ OPT≤ max
ξ∈S

h(x0, ξ)

r
∗ ≥ max

k

{

hk(x
∗,µ0) − (µ0 − µ0)

TQ∗(µ0 − µ0) − (µ0 − µ0)
Tq∗
}

≥ min
x∈X

h(x,µ0)

t∗ ≥ (γ2Σ0) •Q∗ +
√
γ1 ‖Σ1/2

0 q∗‖ ≥ 0 .

These statements imply the following bounds onr∗, t∗,Q∗, andq∗:

r
∗ = OPT− t∗ ≤ max

ξ∈S
h(x0, ξ)

t∗ = OPT− r
∗ ≤ max

ξ∈S
h(x0, ξ) − min

x∈X
h(x,µ0)

(γ2Σ0) •Q∗ = t∗ −√
γ1 ‖Σ1/2

0 q∗‖ ≤ max
ξ∈S

h(x0, ξ) − min
x∈X

h(x,µ0)

√
γ1 ‖Σ1/2

0 q∗‖ = t∗ − (γ2Σ0) •Q∗ ≤ max
ξ∈S

h(x0, ξ) − min
x∈X

h(x,µ0) .

Thus, consideringQ0 = I andq0 = 0, we have that

‖Q−Q0‖ = ‖Q∗ − I‖ ≤ ‖I‖ + ‖Q∗‖

≤ RQ :=
√
m

(

1 +
1

σmin(Σ̂)
(max

ξ∈S
h(x0, ξ) − min

x∈X
h(x,µ0))

)

,
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whereσmin(Σ̂) refers to the smallest singular value ofΣ̂. We also have that

‖q∗ − q0‖ = ‖q∗‖ ≤ Rq :=
1

√

γ1σmin(Σ̂)
(max

ξ∈S
h(x0, ξ) − min

x∈X
h(x,µ0)) ,

Both Ball(Q0, RQ) and Ball(q0, Rq) can be added as new constraints to Problem (A.4)

without affecting the solution. A similar argument appliesfor r andt, thus we can intersect

the feasible set with the following Cartesian product of sets:

Ball(x0, Rx) × Ball(Q0, RQ) × Ball(q0, Rq) × Ball(r0, Rr
) × Ball(t0, Rt) ,

where

r0 = max
ξ∈S

h(x0, ξ) − (ξ − µ0)
TI(ξ − µ0) + 1 ,

R
r

= max

{

max
ξ∈S

h(x0, ξ) − r0 , r0 − min
x∈X

h(x,µ0)

}

,

t0 = γ2 trace(Σ0) + 1 ,

Rt = max

{

max
ξ∈S

h(x0, ξ) − min
x∈X

h(x,µ0) − t0 , t0

}

.

After the addition of this constraint, we are guaranteed that this new feasible set for Prob-

lem (A.4) is a subset of a ball of radiusR =
√

R2
x +R2

Q +R2
q +R2

r
+R2

t centered at

(x0,Q0, q0, r0, t0). Also, since the center of this ball is known to lie in the strict inte-

rior of this feasible set, we are guaranteed that this set includes a small ball centered at

(x0,Q0, q0, r0, t0).

Thirdly, we confirm that the weak separation problem is tractable for anyǫ > 0 and

any assignment(x̄, Q̄, q̄, r̄ , t̄). By Assumption A.2.3, separation ofx from X is known to

be tractable. Considering Constraint (A.4d), it is well known that the minimum eigenvalue

of a symmetric matrix can be estimated efficiently to anyǫ > 0 precision using singular

value decomposition. Thus, one can confirm thatQ̄ � −ǫ by verifying that this estimate

is greater than zero, if not then the associated eigenvectorz, normalized to have norm one,

must satisfyzTQ̄z < 0 and one can create a separating hyperplane(zzT)•Q ≥ (zzT)•Q̄
for all feasibleQ sincezTQz ≥ 0. The task is not more difficult for Constraint (A.4c)
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since we can evaluatēt ≥ (γ2Σ0) • Q̄+
√
γ1 ‖Σ1/2

0 q̄‖ directly and if not, then generate a

separating hyperplane

γ2Σ0 •Q+ ∇qg(q̄))
Tq − t ≤ γ2Σ0 • Q̄+ ∇qg(q̄))

Tq̄ − t̄ ,

whereg(q) =
√
γ1 ‖Σ1/2

0 q‖ and where the norm of the cutting plane vector is greater than

one since it is already equal to one in the direction oft. Finally, concerning any indexed

element of Constraint (A.4b), after verifying thatQ̄ � 0, by Lemma A.2.6 we have that in

polynomial time an algorithm can generate an assignmentξ̂ such thatdist(ξ̂,S) < ǫ and

that

gk(x̄, Q̄, q̄, r̄ , ξ̂) ≥ max
ξ∈S

gk(x̄, Q̄, q̄, r̄ , ξ) − ǫ .

wheregk(x,Q, q, r , ξ) = hk(x, ξ) − (ξ − µ0)
TQ(ξ − µ0) − (ξ − µ0)

Tq − r . We can

state that the assignment is approximately feasible ifgk(x̄, Q̄, q̄, r̄ , ξ̂) ≤ 0. Otherwise we

use the fact that for any assignment(x,Q, q, r , t), we have that

gk(x,Q, q, r , ξ̂) ≤ max
ξ∈S

gk(x,Q, q, r , ξ) + Ck dist(ξ̂,S) ≤ Ckǫ ,

whereCk is the Lipschitz constant ofgk(x,Q, q, r , ·). Using the convexity ofgk(x,Q, q,

r , ξ) in (x,Q, q, r) we can generate the following separating hyperplane:

∇xhk(x̄, ξ̂)
Tx−(ξ̂ − µ0)(ξ̂ − µ0)

T ·Q− (ξ̂ − µ0)
Tq − r

≤ ∇xhk(x̄, ξ̂)
Tx̄− (ξ̂ − µ0)(ξ̂ − µ0)

T · Q̄− (ξ̂ − µ0)
Tq̄ − r̄ + Ckǫ ,

where once again the norm of the cutting plane vector is greater than one since it is already

of size one in the direction ofr .

Finally, by Lemma A.2.5, these properties guarantee us thatthe ellipsoid method will

converge in polynomial time to an assignment(x̂, Q̂, q̂, r̂ , t̂) such thatdist(x̂,X ) ≤ ǫ

and that̂r + t̂ ≤ OPT+ ǫ. Yet, one still needs to account for constraints (A.4b), (A.4c),

and (A.4d) being approximately satisfied when comparing theperformance of̂x to the

optimal performance with respect to the original DRSP problem. In fact, we can show that

Q̂
′
= Q̂+ ǫI , q̂′ = q̂, t̂′ = t̂+(1+γ2 trace(Σ0))ǫ, andr̂

′ = r̂ + ǫ are necessarily feasible
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givenx̂.

Ψ(x̂; γ1, γ2) ≤ t̂′ + r̂
′ ≤ r̂ + t̂+ (2 + γ2 trace(Σ0))ǫ ≤ OPT+ (3 + γ2 trace(Σ0))ǫ .

We conclude that̂x, which was obtained in time polynomial inlog(1/ǫ), is αǫ-optimal

according to Problem (3.7), whereα = 3 + γ2 trace(Σ0). This completes our proof. �

A.3 Proof of Lemma 3.8.2

The problem of finding a strictly feasible distribution can be formulated as finding an opti-

mal pair(F, t) for the following infinite dimensional convex problem

maximize
F∈M,t∈R

t (A.5a)

subject to bi − E F [ψi(ξ)] − tri ∈ K∗
i , ∀ i ∈ {1, 2, ..., L} , (A.5b)

whereri is a vector of norm one known to lie in the strict interior ofK∗
i , and verifying

thatt∗ > 0. We first show that this problem actually reduces to a simplerconvex problem

which has finite number of decision variables

maximize
µ∈S,t∈R

t (A.6a)

subject to bi −ψi(µ) − tri ∈ K∗
i , ∀ i ∈ {1, 2, ..., L} . (A.6b)

One can simply see that for any feasible solution(µ̄, t̄) for Problem (A.6), the distribu-

tion δµ̄ will satisfy Constraint (A.5) with̄t and therefore achieve the same objective since

E δµ̄
[ψi(ξ)] = ψi(µ̄). We must then verify that the converse is true. Given a pair(F̄ , t̄),

we can in fact show that the pair(E F̄ [ξ], t̄) is feasible according to Problem (A.6) and

leads to the same objective value. This is demonstrated using the argument that for any
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i ∈ {1, 2, ...L},

bi − E F̄ [ψi(ξ)] − tri ∈ K∗
i ⇔ yT (bi − E F̄ [ψi(ξ)] − tri) ≥ 0 ∀y ∈ Ki

⇔ yT(bi − tri) − E F̄ [yTψi(ξ)] ≥ 0 ∀y ∈ Ki

⇒ yT(bi − tri) − yTψi(E F̄ [ξ]) ≥ 0 ∀y ∈ Ki

⇔ bi −ψi(E F̄ [ξ]) − tri ∈ K∗
i ,

where we used the fact thatyTψi(·) was assumed to be convex for ally ∈ Ki.

Because we have shown that the feasibility problem reduces to a convex semi-infinite

problem, it is now possible to apply the ellipsoid method. The method will converge in

polynomial time since we assumed that we had access to a feasibility oracle for each dual

coneK∗
i . Given that the optimalt∗ that is returned is positive, then we know that the Dirac

distributionδµ∗ is strictly feasible with respect to the setD2. Otherwise, we can conclude

thatD2 is empty. �



Appendix B

Extended Proofs for Chapter 5

B.1 Proof of Theorem 5.4.4

We reduce the NP-complete 3SAT problem to solving Problem (5.4) with general reward

uncertainty in the reward parameters.

3SAT Problem: LetW be a collection of disjunctive clausesW = {w1, w2, ..., wM} on

a finite set of variablesV = {v1, v2, ..., vN} such that|wm| = 3 ∀m ∈ {1, ...,M}. Let each

clause be of the formw = vi ∨ vj ∨ ¬vk, where¬vk is the negation ofvk. Is there a truth

assignment forV that satisfies all the clauses inW?

Given an instance of the 3SAT Problem, we can construct an MDPwith uncertainty in

the rewards such that 3SAT is satisfiable if and only if the optimal value for the Percentile

MDP Problem (5.4) is greater than0. After describing a 2-action uncertain MDP and its

associated percentile optimization problem in steps 1 and 2, we will demonstrate, in Step 3,

that feasible policies must necessarily be deterministic on a set of states. In Step 4, this fact

will be used to build from such a feasible policy an assignment for the variables that satisfies

all the clauses of the 3SAT problem. Step 5 will confirm that ifthe original 3SAT problem

is satisfiable then the constructed percentile optimization problem has a feasible solution.

The final step demonstrates that the transformation involved can be done in polynomial

time with a polynomial amount of memory. Note that our notation will use11 to refer to the

indicator operator over a deterministic clause such that11{v} = 1 ⇐⇒ v is true.

Step 1 : LetW = {w1, w2, ..., wM} andV = {v1, v2, ..., vN} be an instance of 3SAT, we

105
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first create a set ofN + 1 statesS0 = {s(0,0), s(1,0), ..., s(N,0)} with no reward and with two

actionsa1, a2 available. Then we create two sets of statesS1 = {s(0,1), s(1,1), ..., s(N,1)}
andS2 = {s(0,2), s(1,2), ..., s(N,2)} for which the rewards will be uncertain and, finally, we

create an absorption states3 with no reward. The transition matrix for our uncertain MDP

is described in Figure B.1. Specifically, if actionaj is taken in states(i,0), the system

transitions to states(i,j) in the next time step. All remaining states,s ∈ S1 ∪ S2, lead tos3

for all actions. We set the initial distributionq to be uniform over the states inS0, and the

discount factor to any valueα > 0. It remains to describe the uncertainty over the rewards

for statesS1 ∪ S2.

We create a discrete probability functionG for the random reward matrix̃R ∈ RN×2,

with r̃(s(i,j)) = R̃(i,j). To each variablevn, n ∈ {1, ..., N}, we associate two events (E (vn,1)

andE (vn,2)) that each have probability0.25/N of occurring. If eventE (vn,1) occurs, it leads

to using the reward matrixR(vn,1), while eventE (vn,2) leads to usingR(vn,2). The total

probability of events{E (v1,1), E (v1,2), ..., E (vN ,1), E (vN ,2)} is 1/2. Next, for each clausewm

in the original 3SAT problem, we create an eventE (wm) that occurs with probability0.5/M .

DrawingE (wm) leads to using the reward matrixR(wm). The matricesR(vn,1),R(vn,2) and

R(wm) are described as follow

R
(vn,1)
(i,j) =

{

−1 if i = n andj = 1

0 otherwise ,
R

(vn,2)
(i,j) =

{

−1 if i = n andj = 2

0 otherwise ,

R
(wm)
(0,1) = −1 R

(wm)
(0,2) = −1

R
(wm)
(i,1) =

{

1 if vi ∈ wm

0 otherwise
∀ 1 ≤ i ≤ N , R

(wm)
(i,2) =

{

1 if ¬vi ∈ wm

0 otherwise
∀ 1 ≤ i ≤ N .

where¬v means negating the boolean variable. It is clear that these events form a distribu-

tion
N
∑

n=1

(

PG(E (vn,1)) + PG(E (vn,2))
)

+

M
∑

m=1

PG(E (wm)) = 1.

Step 2 : We now focus on the feasibility of

PG

(

E P

[ ∞
∑

t=0

αtr̃(xt)

∣

∣

∣

∣

∣

x0 ∝ q, π
]

≥ 0

)

≥ 0.75 , (B.1)
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which is equivalent to showing that Problem (5.4)’s optimalvalue is higher than0 when

δ = 0.25. With the constructed uncertain MDP, this constraint is equivalent to

N
∑

n=1

PG(E (vn,1))
(

11(vn,1) + 11(vn,2)
)

+

M
∑

m=1

PG(E (wm))11(wm) ≥ 0.75 , (B.2)

where we used the fact thatPG(E (vn,2)) = PG(E (vn,1)) and where

11(vn,1) = 11

{

E P

[ ∞
∑

t=0

αtr̃(xt)

∣

∣

∣

∣

∣

x0 ∝ q, π, E (vn,1)

]

≥ 0

}

11(vn,2) = 11

{

E P

[ ∞
∑

t=0

αtr̃(xt)

∣

∣

∣

∣

∣

x0 ∝ q, π, E (vn,2)

]

≥ 0

}

11(wm) = 11

{

E P

[ ∞
∑

t=0

αtr̃(xt)

∣

∣

∣

∣

∣

x0 ∝ q, π, E (wm)

]

≥ 0

}

.

Step 3 : In the described uncertain MDP, we now outline why a policy that is feasible

according to Constraint (B.1) must be deterministic for states{s(1,0), ...s(N,0)}. First we

show that11(vn,1) + 11(vn,2) is 1 if the policy for states(n,0) is deterministic and0 otherwise.

For anyvn in this MDP,

11(vn,1) = 11

{

E P

[ ∞
∑

t=0

αtr̃(xt)

∣

∣

∣

∣

∣

x0 ∝ q, π, E (vn,1)

]

≥ 0

}

= 11

{

0 +
N
∑

i=0

αqi

(

π(i, 1)R
(vn,1)
(i,1) + π(i, 2)R

(vn,1)
(i,2)

)

+
∞
∑

t=2

0 ≥ 0

}

= 11

{

α

N + 1

N
∑

i=1

−11{i = n ∧ 1 = 1}π(i, 1) − 11{i = n ∧ 1 = 2}π(i, 2) ≥ 0

}

= 11

{−απ(n, 1)

N + 1
≥ 0

}

= 11 {π(n, 1) = 0} = 11 {π(n, 2) = 1} ,

where we started by expanding the expectation term, then used the definition ofR(vn,1) ,

and finally the fact thatα > 0, π(n, 1) > 0, and thatπ(n, 1) + π(n, 2) = 1. By symmetry,

it is also clear that11(vn,2) = 11{π(n, 1) = 1}.

It remains to show that, because11(vn,1) + 11(vn,2) ≤ 1, Constraint (B.2) can only
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be met with equality, which occurs if and only if the policy isdeterministic for states

{s(1,0), ..., s(N,0)}.

N
∑

n=1

PG(E (vn,1))(11(vn,1) + 11(vn,2)) +

M
∑

m=1

PG(E (wm))11(wm) ≥ 0.75

↔ 0.25

N

N
∑

n=1

11{π(n, ·) is deterministic} +
0.5

M

M
∑

m=1

11(wm) ≥ 0.75

↔ (π(n, ·) is deterministic) ∧ (11(wm) = 1) , ∀ n ∈ {1, ...N}, ∀m ∈ {1, ...M} .

Step 4 : With the described uncertain MDP, given a policy that is feasible according to

Constraint (B.1), the assignmentvi = 11{π(i, 1) = 1} for the variables inV satisfies all the

clauses inW . We already showed in Step 3, that for a policyπ to be feasible according to

Constraint (B.1), it must be deterministic for states{s(1,0), ..., s(N,0)} and satisfy(11(wm) =

1) for all m ∈ {1, ...,M}. Now given a clausew ∈ W , for examplew1 = v1 ∨ v2 ∨ ¬v3,

then by construction of eventE (w1),

(11(wm) = 1) ↔ E P

[ ∞
∑

t=0

αtr̃(xt)

∣

∣

∣

∣

∣

x0 ∝ q, π, E (w1)

]

≥ 0

↔ 0 +
N
∑

i=0

αqi

(

π(i, 1)R
(w1)
(i,1) + π(i, 2)R

(w1)
(i,2)

)

+
∞
∑

t=2

0 ≥ 0

↔ α

N + 1
(−1 + π(1, 1) · 1 + π(2, 1) · 1 + π(3, 2) · 1) ≥ 0

↔ π(1, 1) + π(2, 1) + π(3, 2) ≥ 1

→ (π(1, 1) = 1) ∨ (π(2, 1) = 1) ∨ (π(3, 1) = 0)

→ v1 ∨ v2 ∨ ¬v3 ,

given thatπ is deterministic. This can be shown for any clausew ∈ W and it allows us

to conclude that, given that the optimal value of Problem (5.4) is greater or equal to0, the

3SAT problem is satisfiable and we can construct a satisfyingassignment from the optimal

point of the optimization problem.

Step 5: It is also easy to show that if the optimal value for Problem (5.4) is smaller than0,
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then there is no satisfying assignment for the 3SAT problem.This can be demonstrated by

showing that given any satisfying assignment for the variables inV , there exists a policy

π that is feasible according to Constraint (B.1). Using the satisfying assignment for the

variables inV , we test the feasibility of policy

π(0, 1) = 1

π(i, 1) = 11{vi} ∀i ∈ {1, ..., N}
π(i, 2) = 11{¬vi} ∀i ∈ {1, ..., N} ,

which is obviously a valid deterministic policy. But also, since, for example, clausew1 =

(v1 ∨ v2¬v3) is satisfied by the variable assignment, thenπ(1, 1) + π(2, 1) + π(3, 2) ≥ 1

is necessarily satisfied. Thus,11(wm) = 1 is satisfied for allwm ∈ W . From the statements

presented in steps 3 and 4, we get that Constraint (B.1) is satisfied byπ.

PG

(

E P

[ ∞
∑

t=0

αtr̃(xt)

∣

∣

∣

∣

∣

x0 ∝ q, π
]

≥ 0

)

=
0.25

N

N
∑

n=1

11{π(n, ·) is deterministic} +
0.5

M

M
∑

m=1

11(wm) = 0.75 .

Step 6 : The uncertain MDP that is used to solve the 3SAT problem can beconstructed

in polynomial time. First, the MDP presented in Figure B.1 has 3(N + 1) + 1 states and

2 actions, the transition matrix has therefore2|S|2 entries which are either0 or 1. Then,

each of the2N +M events can be described by its probability,0.25/N or 0.5/M , and its

associated|S| × |A| reward matrix, with entries as either−1, 0, or 1. Overall, the problem

can obviously be constructed in polynomial time and polynomial space. �

Remark B.1.1 : We want to note the fact that the proof did not require the assumption of

stationarity in the reward uncertainty, or the stationarity of the policyπ. In fact, the proof

is valid for both types of uncertainty and strategies (i.e., stationary or non-stationary).
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B.2 Proof of Corollary 5.4.5

The proof of Corollary 5.4.5 follows similar lines as what was presented in the proof of

Theorem 5.4.4. Given an instance of the NP-complete 3SAT Problem, one can construct

in polynomial time the MDP with discrete transition uncertainty presented in Figure B.2.

Based on this instance of the 3SAT Problem, the same events,E (vn,1), E (vn,2) andE (wm),

can be created as described in the proof of Theorem 5.4.4. However, in this proof, draw-

ing E (vn,1), E (vn,2) or , E (wm) from the posteriorG will lead to using transition parameters

P (vn,1),P (vn,2), orP (wm) respectively in the uncertain MDP. These parameters are defined

as follows:

P
(vn,1)
(i,j) (k) =

{

1 if r(k) = R
(vn,1)
(i,j)

0 otherwise ,
P

(vn,2)
(i,j) (k) =

{

1 if r(k) = R
(vn,2)
(i,j)

0 otherwise ,

P
(wm)
(i,j) (k) =

{

1 if r(k) = R
(wm)
(i,j)

0 otherwise ,

whereR(vn,1)
(i,j) , R(vn,2)

(i,j) andR(wm)
(i,j) refer to the definitions in the proof of Theorem 5.4.4.

Clearly, the MDP that is associated with each event is equivalent to the MDP that was

originally associated with that event in the proof of Theorem 5.4.4. Therefore, in the con-

structed Percentile MDP wherẽP is drawn fromG, one can use similar arguments to show

that the feasibility of

PG

(

E P̃

[ ∞
∑

t=0

αtr(xt)

∣

∣

∣

∣

∣

x0 ∝ q, π
]

≥ 0

)

≥ 0.75 ,

is equivalent to determining the satisfiability of the instance of the 3SAT Problem. �
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B.3 Proof of Lemma 5.4.9

Take the assignmenty1 = µ − σ√
δ
, Markov’s inequality can be used to show thaty1 is

always feasible according to Constraint (5.9b):

P(z̃ ≥ y1) = P

(

z̃ ≥ µ− σ√
δ

)

= P

(

|z̃ − µ| ≤ σ√
δ

)

+ P

(

z̃ − µ ≥ σ√
δ

)

≥ 1 − P

(

|z̃ − µ| ≥ σ√
δ

)

≥ 1 − δ .

On the other hand, for anyη ∈ (0, 1 − δ), y2 = µ + σ√
(1−δ−η)

is on the contrary always

assured to be infeasible:

P(z̃ ≥ y2) = P

(

z̃ ≥ µ+
σ

√

(1 − δ − η)

)

≤ P

(

|z̃ − µ| ≥ σ
√

(1 − δ − η)

)

≤ 1 − δ − η .

Therefore,µ− σ√
δ
≤ y∗ ≤ µ+ σ√

1−δ
. �
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S0,0

S1,0

SN,0

…

S0,1

S0,2

SN,1
…

S1,1

S1,2

SN,2

…

…

a1

a2

a1

a2

a1

a2

q0

q1

qN

…

…

S3

Figure B.1: Structure for the MDP with uncertainty in the rewards used in the proof of
Theorem 5.4.4.

S0,0

R = 1

… S3…

a1

a2

q0

qN

R = 0

R = -1

R = 1

R = 0

R = -1

SN,0

R = 1

a1

a2

R = 0

R = -1

R = 1

R = 0

R = -1

P0,1

…

P0,2

PN,2

PN,1

……

Figure B.2: Structure for the MDP with uncertainty in the transition probabilities used in
the proof of Corollary 5.4.5.
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[61] J.Čerbáková. Worst-case VaR and CVaR. In H. Haasis, H. Kopfer, and J. Schnberger,

editors,Operations Research Proceedings, pages 817–822. Springer, 2005.

[62] C. Waternaux. Asymptotic distribution of the sample roots for the nonnormal popu-

lation. Biometrika, 63(3):639–645, 1976.

[63] S. S. Wilks.Mathematical Statistics. John Wiley & Sons, 1962.

[64] Y. Ye. Complexity analysis of the analytic center cutting plane method that uses

multiple cuts.Mathematical Programming, 78(1):85–104, 1997.

[65] J. Yue, B. Chen, and M.-C. Wang. Expected value of distribution information for the

newsvendor problem.Operations Research, 54(6):1128–1136, 2006.

[66] S. S. Zhu and M. Fukushima. Worst-case conditional value-at-risk with application

to robust portfolio management. Technical report, Kyoto University, 2005.

[67] Z. Zhu, J. Zhang, and Y. Ye. Newsvendor optimization with limited distribution in-

formation. Technical report, Stanford University, 2006.


